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ABSTRACT 
 
 

MORTEZA KARAMI.  Exploiting Metamaterials: Fundamentals and Applications. 
(Under the direction of DR. MICHAEL A. FIDDY) 

 
 

Metamaterials are man-made structures developed to engineer electromagnetic waves, 

and they have been studied intensely in recent decades. Although there are still debates 

about the performance of these types of artificial materials, many practical applications 

have been demonstrated using metamaterials from the RF and microwave to IR and optical 

frequencies. Moreover, due to their unique advantages, they might soon find their path in 

products and technologies to replace traditional optical and electromagnetic devices. In this 

dissertation, we primarily study a structure composed of S-shape resonators which show a 

negative refractive index in a range of frequencies, between 5GHz to 9GHz. We investigate 

the methods to calculate the constitutive electromagnetic parameters of this metamaterial 

and offer paths to enhance its performance regarding incident wave polarization. We also 

propose a meta-substrate to engineer bandwidth of the S-resonator metamaterial. 

Moreover, we explore properties the proposed metamaterial design for various applications 

including super-resolution imaging, sensing, and filtering. Planar metamaterials are a 2D 

version of metamaterials which offer novel applications due to their compact size and low 

loss. Here, we explore properties of a double ring metasurface for making filters and 

modulators. Finally, nonlinear effects in metamaterial structures are studied, and a new 

numerical tool is developed to design metamaterials with natural Two-Photon Absorption 

nonlinear effect.
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CHAPTER 1: INTRODUCTION 
 

1.1. Introduction to Metamaterials 

Metamaterials are artificial engineered materials and structures composed of building 

blocks (meta-atoms) of which their size and spacing of meta-atoms are at deep sub-

wavelength scale. A peculiar feature of metamaterials is that their effective properties are 

usually not found in nature. These metamaterials are multi-material systems in 

mesostructures which exhibit an effective response to corresponding fields that is different 

from each component material which builds the metamaterial. Conventionally, 

metamaterials received attentions in electromagnetics and optics to achieve novel results 

not occurring in nature such as invisibility cloak, negative refractive index, super-

resolution imaging, artificial chirality, and hyperbolic dispersion relation. However, the 

methodology has been applied to various fields such as acoustic, heat transfer, and 

mechanical structures to obtain new hybrid material responses which are influenced by the 

properties of the parent materials, but yet demonstrate significantly different 

characteristics. These engineered structures usually find their unusual properties when their 

geometrical units, also called meta-atoms, are in the subwavelength scales compared to the 

fields in their surroundings. In optics and electromagnetics which are the focus of this 

dissertation, the metamaterial unit cells are arranged periodically to produce optimal 
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effective properties which are drastically unlike the composite materials. The building 

blocks of metamaterials are usually a combination of metals and dielectrics, and their 

geometries have a dominant role in defining the effective response of the structure. For 

instance, in a certain kind of hyperbolic metamaterials, the electromagnetic response of the 

metal-dielectric multilayers depends on periodic constant and widths of metal and the 

dielectric layer in the unit cell. In other words, filling factors are crucial in designing 

metamaterials with desired parameters. This collective behavior is along with the classical 

methods such as the effective medium theory that suggest an analytical explanation of 

composite materials, and consider their behavior as a homogenous medium. 

Early studies on electromagnetic metamaterials began at the end of the 19th century 

[1]. The history of theoretical exploration of fundamental light-matter interactions and 

wave studies in metamaterial goes back to ideas of negative phase velocity and anti-parallel 

group velocity in Lamb and Schuster’s works [2], [3]. Although they did not believe in the 

existence of these phenomena in practice, the research on this artificial electromagnetic 

structure continued by several other scientists and engineers [4]–[7]. However, the primary 

coherent theoretical research which is considered to be the beginning of the metamaterial 

field was proposed in Veselago’s work in 1968 [8]. However, experimental realization of 

electromagnetic metamaterials took another three decades when Smith and Schultz 

presented the first metamaterial with simultaneous negative ε and μ in microwave 

frequencies [9]. In the last years, metamaterial field has expanded significantly. The 

incredible increase in computing powers let researchers design optimum metamaterial 
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structures with desired parameters, and advances in nanofabrication technologies allowed 

us to essentially explore the novel properties and applications of metamaterials in optics 

and photonics. So far, a very wide range of areas has received new ideas from 

metamaterials including telecommunications, photovoltaics, super-resolution imaging, 

sensing, and photonics and quantum computing. Although future of metamaterials is 

promising, the current practical use of them is limited by constraints in fabrication 

technologies and proper materials to achieve such efficient metamaterial devices which can 

compete with other conventional systems. 

 

1.2. Electromagnetic Metamaterials 

The electromagnetic properties of material are usually specified in terms of its electric 

permittivity ɛ, permeability µ, and index of refraction 𝑛𝑛 = √𝜀𝜀𝜀𝜀.  These quantities are 

typically tensors.  Most common materials have |𝜀𝜀| ≥ 1 and |𝜀𝜀| ≥ 1 as shown in Figure 

1.1. The exceptions are 𝜀𝜀 < 0 in plasmas such as metals at optical frequencies and 𝜀𝜀 < 0 

for some ferromagnetics. However, no material has been found in nature to show 

simultaneously negative ɛ and µ and also low loss, especially at higher electromagnetic 

frequencies. 
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Figure 1.1: Electromagnetic wave propagation in materials with various values of ɛ and µ. 
 

Metamaterials are different from photonic or electromagnetic bandgap structures in a 

few fundamental aspects even though they are both periodic electromagnetic structures. 

One of the major differences is that the lattice constant scale in metamaterials is very small 

compared to the effective wavelength in the medium. Meta-atoms likewise atoms and 

molecules could take dipole moments and resonate independently. Therefore, the structure 

is dispersive, and we can apply effective medium theories to extract their constitutive 

parameters as they are in a quasi-static region. On the other hand, for bandgap structures, 

when the periodicity becomes comparable or larger than the incident wavelength, we can 

no longer apply the effective medium theory. A more complicated and elaborate theory is 
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required to describe the electromagnetic field behavior inside the material array. The 

Floquet-Bloch theory is a conventional method to analyze such structures in which the 

electromagnetic fields are expanded into an infinite sum of plane waves propagating in all 

directions.     

A paper by Veselago in 1968 studied the electrodynamics of waves in a medium with 

both ɛ and µ negative [8]. It predicts many new phenomena such as negative Snell’s law, 

backward wave propagation, reverse Cerenkov radiation, and reverse Doppler’s effect. 

Until 1996, no solid evidence was suggested, and then Pendry et al. proposed a wire array 

medium to achieve 𝜀𝜀 < 0, and split ring resonators (SRR’s) to obtain 𝜀𝜀 < 0 [10], [11]. Just 

a year later, Smith et al. experimentally demonstrated the first negative index material by 

combining wire and SRR’s [9], and this opened the door to the new field of negative index 

metamaterials (NIMs). A direct consequence of negative refractive index is negative 

refraction, a phenomenon expected to be achieved through so-called left-handed 

metamaterials. Since the first emergence of these pioneering papers, there were objections 

to the physical possibility of a negative index [12]. Following the controversy, the 

underlying theoretical mechanism of negative refraction was established, [13], [14], and 

experimental evidence of negative refraction arising from a negative index at microwave 

frequencies demonstrated it [15]–[17]. 
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1.3. Chapters Outline 

This dissertation focuses on studying fundamental aspects of metamaterials and 

exploring some of their applications. To characterize metamaterials in order to modify and 

correct the initial designs, we need valid techniques to calculate effective parameters of the 

bulk metamaterial. In Chapter 2, a retrieval method is reviewed and based on it a numerical 

algorithm is developed to extract permittivity and permeability. We introduce our proposed 

mirrored S-resonator metamaterial and characterize its bulk properties numerically. We 

demonstrate that this design has an overlapping negative permittivity and permeability 

resulting in a negative index metamaterial. Moreover, we computationally study the 

interaction of the metamaterial with the incident field in the time domain. Finally, a planar 

metamaterial consisting of closed rings is proposed and characterized. The connection 

between the negative index and negative refraction is explained in Chapter 3. Simulations 

suggest that the negative refraction seen in a prism made out of mirrored S-resonators is a 

consequence of negative index, and is distinguishable from Bragg-like diffraction effects. 

In Chapter 4, we modify the design to address some concerns for using metamaterials such 

as bandwidth and polarization sensitivity. A meta-substrate can offer a route toward 

bandwidth engineering in metamaterials. Also, a polarization-insensitive design is 

introduced, and it is argued that it is a potential candidate for rapid prototyping by 3D 

printing. In Chapter 5 and 6, we investigate the imaging applications of the metamaterial. 

Near-field imaging and transfer of evanescent waves are presented in Chapter 5, while the 

possible far-field imaging through reciprocity is discussed in Chapter 6. We then explore 
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the sensing properties of the metamaterial in Chapter 7. It is shown that the metamaterial 

can be used as a passive remote sensor, either intensity-based or frequency-based. Chapter 

8 is about nonlinear phenomena in metamaterials, particularly Two-Photon Absorption 

(TPA). We numerically develop a tool to calculate the effect of TPA in designing 

nanostructure metamaterials. Finally, in appendices, samples of algorithms for retrieval 

procedure of effective parameters of metamaterials and TPA calculations in nonlinear 

materials are presented. 

 

 



 
 
 
 
 
 

CHAPTER 2: DESIGNING METAMATERIALS 
 

To design a left-handed metamaterial, electric and magnetic resonances are required to 

exist in the structure; conventionally a conductive split ring is used in designs to produce a 

magnetic response and a rod for its electrical characteristics. However, some proposed 

inclusions rely only on a single geometry to deliver a negative permittivity and negative 

permeability response. It has been shown that a meandering wire or S-shaped resonator 

exhibits an overlapping negative effective ɛ and μ over a significant broad range of 

frequencies [18]. We use this geometry of S-shaped resonators to realize most of the bulk 

metamaterial structures presented in this dissertation. 

 

2.1. Effective Parameter Retrieval Method 

In 1904, J. Maxwell Garnett proposed an effective media theory to originally describe 

dilute suspensions of small homogeneous spheres embedded in a host medium [19]. Later 

on, Bruggeman presented an approximate method to predict optical properties of composite 

materials [20]. These completely phenomenological models seem to work quite well even 

for spheres that are not very small on the scale of the wavelength and so the filling factor, 

𝑓𝑓, is larger than expected. Although these theories can be applied to metamaterials, the 

question is how well they perform in highly dispersive regimes where concepts such as 



25 
 

group or energy velocity cannot be easily defined. This question is reinforced by the 

difficulties experienced when trying to extract averaged bulk properties like refractive 

index from scattering parameters. 

The Maxwell-Garnett approximation, for example, gives an estimate for the bulk 

permittivity, 𝜀𝜀𝑀𝑀𝑀𝑀 , 

𝜀𝜀𝑀𝑀𝑀𝑀 − 𝜀𝜀2
𝜀𝜀𝑀𝑀𝑀𝑀 + 2𝜀𝜀2

= 𝑓𝑓
𝜀𝜀1 − 𝜀𝜀2
𝜀𝜀1 + 2𝜀𝜀2

 (2.1) 

where 𝑓𝑓 is a simple volume filling factor between two already averaged descriptions of 

media, 𝜀𝜀1 and 𝜀𝜀2. The model implies that the microstructure of the medium can be 

neglected or completely averaged away. This, in turn, requires the inclusions to be 

relatively weakly scattering or far from resonance or strongly coupled together enough that 

there is a delocalized response. A typical rule of thumb for use of such a medium model is 

that there are about 6 or more inclusions (meta-atoms) per wavelength and that they do not 

interact with each other. 

Obviously, as the inclusions or meta-atoms increase in size and material periodicities 

become of the order of the wavelength in scale, then diffraction effects begin to dominate. 

For random arrays, an effective medium model might well still describe the effective 

permittivity quite well if the permittivity contrast is not too high and the spheres are located 

apart enough. For higher filling factors, multipolar effects come into play and need to be 

taken into account. In other words, a mix of multiple responses due to local structures 

coupling together will lead to errors in the predicted 𝜀𝜀𝑀𝑀𝑀𝑀 . 
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Metamaterials are composite materials, and effective medium theories are required to 

anticipate their constitutive properties. One of the most successful methods to achieve this 

goal is the simple Nicholson-Ross-Weir (NRW) extraction procedure [21] which is based 

on measurement of relative transmitted and reflected powers to calculate effective 

parameters.  

The NRW method contains the logarithm of a complex function which can include 

many complex branch ambiguities that each lead to unique effective parameters which 

yield the same value for the logarithm. When the material is homogenous, the NRW 

procedure correctly determines the primary branch. However, for inhomogeneous 

materials, the selected branch is not always the correct choice because of multiple 

reflections from discontinuities. Therefore, the assumption of homogeneity leads to 

inaccurate results in metamaterials. Although the building blocks of metamaterials are 

much smaller in size than the wavelengths of operation bandwidth, in the order of λ/6, they 

are still not small enough to satisfy a homogeneous medium condition; consequently 

modified NRW techniques are required to characterize the effective parameters of 

metamaterials [22]–[27].  

The modified methods assume a thin enough sample of metamaterial compared to the 

wavelength of incident field to tackle the homogeneity issue. Another obstacle is the rapid 

variation of parameter values near resonances which prevents estimation of the electrical 

thickness of the sample [28]. Also when the reflection and transmitted powers are very 

small in magnitude, the retrieval process might fail to predict the effective parameters [22]. 
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Above all, some metamaterials are severely inhomogeneous, and only Lorentz and Drude 

dispersion models can be applied to characterize such materials [29]. 

We review a well-known retrieval method proposed by Chen et al. [23] which has the 

advantage of being tailored and originally tested on the S-shaped resonators. This method 

is based on NRW procedure as mentioned before where reflection and transmission data is 

measured to calculate the effective parameters. For a normal incident plane wave on a slab 

of thickness 𝑑𝑑, where the thickness is measured from the first face of the slab, reflection 

coefficient represents 𝑆𝑆11, and 𝑆𝑆21 is obtained from transmission coefficient 𝑇𝑇 by 𝑆𝑆11 =

𝑇𝑇𝑒𝑒𝑖𝑖𝑘𝑘0𝑑𝑑where 𝑘𝑘0 is the wave number of the incident field in free space. The S-parameters, 

refractive index 𝑛𝑛, and impedance 𝑍𝑍 are related by [21], [30], 

𝑆𝑆11 =
(𝑍𝑍 − 1 𝑍𝑍 + 1⁄ )�1 − 𝑒𝑒𝑖𝑖2𝑛𝑛𝑘𝑘0𝑑𝑑�
1 − (𝑍𝑍 − 1 𝑍𝑍 + 1⁄ )2𝑒𝑒𝑖𝑖2𝑛𝑛𝑘𝑘0𝑑𝑑

 

𝑆𝑆21 =
�1 − (𝑍𝑍 − 1 𝑍𝑍 + 1⁄ )�𝑒𝑒𝑖𝑖2𝑛𝑛𝑘𝑘0𝑑𝑑

1 − (𝑍𝑍 − 1 𝑍𝑍 + 1⁄ )2𝑒𝑒𝑖𝑖2𝑛𝑛𝑘𝑘0𝑑𝑑
 

(2.2) 

Hence the refractive and index can be obtained from above equations, 

𝑍𝑍 = ±�
(1 + 𝑆𝑆11)2 − 𝑆𝑆212

(1 − 𝑆𝑆11)2 − 𝑆𝑆212
 

𝑒𝑒𝑖𝑖𝑛𝑛𝑘𝑘0𝑑𝑑 =
1

2𝑆𝑆21(1 − 𝑆𝑆112 + 𝑆𝑆212 ) ± 𝑖𝑖�1�
1

2𝑆𝑆21(1 − 𝑆𝑆112 + 𝑆𝑆212 )�
2

=
𝑆𝑆21

1 − 𝑆𝑆11
𝑍𝑍 − 1
𝑍𝑍 + 1

 

(2.3) 
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to determine the signs in Equation (2.3), a passive metamaterial is assumed which requires 

𝑍𝑍′,𝑛𝑛" ≥ 0. The refractive index value can further be calculated from, 

𝑛𝑛 =
1
𝑘𝑘0𝑑𝑑

���ln�𝑒𝑒𝑖𝑖𝑛𝑛𝑘𝑘0𝑑𝑑��
"

+ 2𝑚𝑚𝑚𝑚� − 𝑖𝑖�ln�𝑒𝑒𝑖𝑖𝑛𝑛𝑘𝑘0𝑑𝑑��
′
� (2.4) 

where 𝑚𝑚 is an integer representing the branch of 𝑛𝑛′ as the real part of the index is calculated 

by logarithm function producing infinite number of branches for all possible correct values 

in Equation (2.4). Possible perturbations of  𝑆𝑆11 and 𝑆𝑆21values produced in numerical 

calculations or from experimental measurement might change sign of 𝑍𝑍′ and 𝑛𝑛" when they 

are near zero. To avoid this sign ambiguity, once the impedance 𝑍𝑍 is obtained, the refractive 

index can be determined by, 

𝑒𝑒𝑖𝑖𝑛𝑛𝑘𝑘0𝑑𝑑 =
𝑆𝑆21

1 − 𝑆𝑆11
𝑍𝑍 − 1
𝑍𝑍 + 1

 (2.5) 

To solve the sign ambiguity in 𝑛𝑛′, or in other words to find the correct branch of above 

logarithm function, the method follows the suggestion that dispersive permittivity and 

permeability are continuous function of frequency for a slab of small thickness with respect 

to the wavelength [24], [28], [31]. It needs a careful approach particularly at resonant 

frequencies producing discontinuities in extracted parameters. To determine the branch of 

𝑛𝑛′at the initial frequency, we first consider, 

𝜀𝜀" = 𝑛𝑛′𝑍𝑍" + 𝑛𝑛"𝑍𝑍′ 

𝜀𝜀 =
1

|𝑍𝑍|2 �−𝑛𝑛
′𝑍𝑍" + 𝑛𝑛"𝑍𝑍′� 

(2.6) 



29 
 

the conditions for a passive medium 𝜀𝜀", 𝜀𝜀" ≥ 0 enforce, 

�𝑛𝑛′𝑍𝑍"� ≤ 𝑛𝑛"𝑍𝑍′ (2.7) 

that indicates when 𝑛𝑛"𝑍𝑍′ is near zero while 𝑍𝑍" is not, 𝑛𝑛′ has to be near zero. At the initial 

frequency and then all subsequent frequencies, one has to find the correct branch integer 

𝑚𝑚 which satisfies Equation (2.7). There might be frequency regions where the chosen 

branch number does not satisfy Equation (2.7), it has been believed the reason is behind 

presence of multiple modes causing the 𝑛𝑛′ becoming large, and the effective wavelength 

being in the order of the physical size of the unit cell thereby invalidating the assumption 

of small meta-atoms compared to the effective wavelength [32]–[34].   

It was mentioned that metamaterials are not homogenous, so the retrieval method aims 

to find the exact position of slab faces to determine its thickness and provide an effective 

homogenized description. When the plane wave is incident on metal parts of a 

metamaterial, induced currents produce a scattered field which changes the uniformity of 

total field. Therefore, the first boundary of slab thickness is located where the reflected 

wave is still like a plane wave.  If the material were homogenous, the retrieval process 

would deliver same values by increasing the slab thickness. Using this fact, metamaterial 

slab thickness can increase by its unit cell thickness in the propagation direction of incident 

wave to help us characterize the effective boundaries of slab thickness. Since reflection 𝑆𝑆11 

depends on the location of the fist boundary, impedance also depends on its location as the 

impedance is related to 𝑆𝑆11. In their paper, authors suggest an optimization model to match 
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impedance for different number of metamaterial unit cells to determine the first boundary 

and the slab thickness [23]. It was concluded that the first boundary and the thickness are 

equal to the first boundary of the unit cell and its thickness. 

We find that this parameter extraction method is successful in choosing the correct 

values for the wave impedance and the imaginary part of the refractive index from 

scattering parameters. However, it is unable to predict effective material parameters for 

some frequency regions once one enforces passive material conditions 𝑍𝑍",𝑛𝑛" ≥ 0. In 

addition, to determine 𝑛𝑛′, an iterative process based on Taylor series is required which 

computationally can be a slow process.   

The above parameter retrieval method and most similar techniques do not address the 

anisotropic nature of most metamaterials, and by assuming only a plane wave normally 

incident on the metamaterial, they ignore the requirement of using tensors to describe the 

electromagnetic properties of the bulk structure properly. Moreover, although efforts have 

been made to predict all elements of the effective permittivity and permeability tensors 

[35], still the results are valid only in the far-field, and the near-field behavior is ignored. 

An improved method introduced later in [36] suggests using Kramers-Kronig relations to 

determine the exact solution at each frequency.  

The above procedure and most of the similar techniques assume an infinitely extended 

unit cell of metamaterial along the plane of incidence. By this assumption, the complexity 

of the problem arising from boundary conditions reduces, and ultimately a solid model can 
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describe effective parameters of metamaterials. However, practical bulk metamaterials 

consist limited numbers of meta-atoms. Therefore, as finite size concept requires, we need 

to consider the boundaries of structure to evaluate its effective parameters. When a bulk 

metamaterial is not infinitely extended in at least one dimension, surface and spatial 

resonances can be significant which would affect effective parameters from the ones 

obtained from models for infinite metamaterials. Although these issues deviate finite size 

metamaterial properties from ideal models, researchers have tried to find similar models 

which estimate effective parameters when the structure has different sizes [37], [38].   

 

2.2. S-resonators Background 

One of the well-known resonator designs to build bulk metamaterials is a meandering 

wire or S-shaped resonator that would form a bianisotropic metamaterial structure when 

doubled with its mirrored image. By having the right dimensions for this resonator, one 

would be able to achieve overlapping negative permittivity and permeability bandwidth to 

obtain an effective negative and zero index bulk metamaterial [18], [39]. 

To analyze the S-shaped resonator, we should start from its simpler design of mirrored 

split ring resonator (SRR) which was proposed first in [40] to eliminate magnetoelectric 

couplings and hence its bulk bianisotropy characteristic of conventional split ring 

resonators. It was shown that when the resonator is in an electromagnetic field, the two 

capacitances C formed between the metallic arms allow an induced current to flow around 

the SRR, Figure 2.1(a). 
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Figure 2.1: (a) Modified split ring resonator design as the initial step toward S-resonator design; (b) Real 
permittivity; (c) Real permittivity (dashed line) and real permeability (solid line). Incident wave vector and 
its polarization are shown in the inset. (figures are courtesy of [18]) 

 

Then authors proceed to calculate the effective permittivity ɛeff and permeability μeff 

using, 

𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑛𝑛 𝑍𝑍⁄ ;  𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑛𝑛𝑍𝑍 (2.8) 

where n is the refractive index and Z is the wave impedance which each can be determined 

through a retrieval algorithm [23] based on the measurement of scattering parameters (S-

parameters) which themselves are calculated from the reflection and transmission 

coefficients with the assumption of a normal incident wave on the metamaterial slab [28], 

[30]. Extracted effective parameters were reported as in Figure 2.1, which shows that only 

incident wave propagating along the x-direction demonstrates both negative effective ɛ and 
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μ, Figure 2.1(c), where the ɛeff is significantly dispersive around the magnetic resonance, 

and each of the two arms of SRR behaves as an electrical plasma medium. Although the 

electric resonant frequencies in Figure 2.1(b) and (c) are close to each other as expected, 

to induce a magnetic resonance, the incident wave must travel along the x-direction. 

As depicted in Figure 2.1(c), the current SRR does not offer an overlapping negative 

permittivity ɛeff and permeability μeff. Therefore, by modifying the design, researchers 

increased the frequency of the magnetic resonance or decreased the electric resonant 

frequency to yield the desired overlapping negative bandwidth. The configuration of the 

mirrored S-resonator which was proposed in [18] is shown in Figure 2.2(a), where each 

resonator is printed as mirrored of each other on sides of the substrate. In addition to the 

two capacitances of former SRR, there is an additional capacitance C1 between middle 

metallic strips. Considering calculated effective parameters for different orientation of S-

resonator with respect to the incident field, they find an overlapping negative ɛeff and μeff, 

Figure 2.2(c), which suggests the presence of a negative refractive frequency bandwidth. 
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Figure 2.2: (a) S-resonator design; (b) Real permittivity; (c) Real permittivity (dashed line) and real 
permeability (solid line). Incident wave vector and its polarization are shown in the inset. (figures are courtesy 
of [18]) 

 

A theoretical framework which is formed on circuit model analysis can anticipate the 

resonant frequencies of S-resonator. The inductance of each loop is directly proportional 

to the area enclosed by each loop, 

𝐿𝐿 = 𝜀𝜀0(𝑏𝑏 − 2ℎ) �
𝑎𝑎 − 3ℎ

2
� ≈ 𝜀𝜀0

𝑎𝑎𝑏𝑏
2

 (2.9) 

when the metal trace thickness ℎ is very small considering loop dimension. Furthermore, 

magnetic resonant frequency can be calculated from circuit theory by assuming C1=C, 
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𝜔𝜔𝑚𝑚0
(1) = �

1
(𝐿𝐿 2⁄ )(2𝐶𝐶 3⁄ ) = � 3

𝐿𝐿𝐶𝐶
 (2.10) 

The magnetic resonant frequency of Figure 2.1(a) can also be calculated as, 

𝜔𝜔𝑚𝑚0
(2) ≈ �

1
(2𝐿𝐿)(𝐶𝐶 2⁄ ) = � 1

𝐿𝐿𝐶𝐶
 (2.11) 

which means the resonance frequency of S-resonator is √3 times of SRR in Figure 2.1(a). 

Comparing numerical results in [18], the magnetic resonant frequency of simple SRR is 

𝜔𝜔𝑚𝑚0
(2)=9 GHz, while for S-resonator it is 𝜔𝜔𝑚𝑚0

(1)=15 GHz which is ≈ 9√3 and follows what as 

circuit analysis suggests. 

 

Figure 2.3: Equivalent circuit for S-resonator, where the capacitance C1 allows the current to flow in each 
loop in the presence of an external EM field. (figure is courtesy of [18]) 
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For the electrical properties, when the S-resonator is in an external time-varying field, 

its two opposite metallic arms behave like a plasma medium and display the same electric 

properties as of SRR. However, the extra lengths of metal in S-resonator cause an 

additional inductance resulting in a decrease in the overall plasma frequency [41]. 

 

Figure 2.4: An array of S-resonators (left). A unit cell of S-resonator with dimension (right). (figures are 
courtesy of [42]) 

 

Kong et al. presented a more comprehensive analytical examination of the S-shaped 

resonators in [42]. They began by defining the fractional volume of the mirrored S-

resonator as F1 for the top loop, F2 for the bottom loop, and F3 for the partial volume 

between the loops and in the middle. One can write a generalized form of these terms based 

on their definition as, 

𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 = 1 (2.12) 



37 
 
In the presence of an external time-varying field, 𝐻𝐻0, which oscillates along the y-

direction, the induced currents would flow in the loops and they would be represented by 

𝐼𝐼1 and 𝐼𝐼2 for top and bottom loop respectively. When the S-resonators are closed enough 

in an array, the magnetic fields in each three volumes of the S-resonator should satisfy,    

𝐻𝐻1 − 𝐻𝐻2 = 𝑗𝑗1 − 𝑗𝑗2 

𝐻𝐻1 − 𝐻𝐻3 = 𝑗𝑗1 

𝐻𝐻1𝐹𝐹1 + 𝐻𝐻2𝐹𝐹2 + 𝐻𝐻3𝐹𝐹3 = 𝐻𝐻0 

(2.13) 

where, 

𝑗𝑗1 =
𝐼𝐼1
𝑙𝑙

 ;  𝑗𝑗2 =
𝐼𝐼2
𝑙𝑙

 (2.14) 

with 𝑙𝑙 as the lateral lattice constant of the bulk structure along the y-direction. 

From Equation (2.13), the fields in each volume can be calculated as, 

𝐻𝐻1 = 𝐻𝐻0 + (1 − 𝐹𝐹1)𝑗𝑗1 − 𝐹𝐹2𝑗𝑗2 

𝐻𝐻2 = 𝐻𝐻0 + (1 − 𝐹𝐹2)𝑗𝑗2 − 𝐹𝐹1𝑗𝑗1 

𝐻𝐻3 = 𝐻𝐻0 − 𝐹𝐹1𝑗𝑗1 − 𝐹𝐹2𝑗𝑗2 

(2.15) 

It is shown that the total electromotive force (emf) around each loop in a unit cell is 

derived as, 

𝑒𝑒𝑚𝑚𝑓𝑓1 = −
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜀𝜀0𝐻𝐻1𝐹𝐹1𝑆𝑆) = 𝜎𝜎𝑠𝑠𝐼𝐼1 +
1
𝐶𝐶𝑠𝑠
� 𝐼𝐼1 𝑑𝑑𝜕𝜕 +

1
𝐶𝐶𝑚𝑚

�(𝐼𝐼1 + 𝐼𝐼2)𝑑𝑑𝜕𝜕 

𝑒𝑒𝑚𝑚𝑓𝑓2 = −
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜀𝜀0𝐻𝐻2𝐹𝐹2𝑆𝑆) = 𝜎𝜎𝑠𝑠𝐼𝐼2 +
1
𝐶𝐶𝑠𝑠
� 𝐼𝐼2 𝑑𝑑𝜕𝜕 +

1
𝐶𝐶𝑚𝑚

�(𝐼𝐼1 + 𝐼𝐼2)𝑑𝑑𝜕𝜕 

(2.16) 
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where  𝜎𝜎𝑠𝑠 is the resistance from metallic traces in each loop, 𝐶𝐶𝑠𝑠 is the capacitance between 

center metallic arms, 𝐶𝐶𝑚𝑚 and is the capacitance of the top and bottom arms, Figure 2.4. 

The capacitances can be calculated as, 

𝐶𝐶𝑠𝑠 = 𝐶𝐶𝑚𝑚 = 𝜀𝜀0
ℎ𝑐𝑐
𝑑𝑑

+ 𝜀𝜀0
ℎ𝑐𝑐
𝑙𝑙 − 𝑑𝑑

 (2.17) 

by replacing 𝜕𝜕
𝜕𝜕𝜕𝜕

 by −𝑖𝑖𝜔𝜔 and ∫𝑑𝑑𝜕𝜕 by 1
−𝑖𝑖𝑖𝑖 

 and using Equation (2.15) we can write Equation 

(2.16) as, 

𝑖𝑖𝜔𝜔𝜀𝜀0𝐻𝐻1𝐹𝐹1𝑆𝑆 − 𝜎𝜎𝑠𝑠𝑗𝑗1𝑙𝑙 +
𝑗𝑗1𝑙𝑙
𝑖𝑖𝜔𝜔𝐶𝐶𝑠𝑠

+
(𝑗𝑗1 + 𝑗𝑗2)𝑙𝑙
𝑖𝑖𝜔𝜔𝐶𝐶𝑚𝑚

= 0 

𝑖𝑖𝜔𝜔𝜀𝜀0𝐻𝐻2𝐹𝐹2𝑆𝑆 − 𝜎𝜎𝑠𝑠𝑗𝑗2𝑙𝑙 +
𝑗𝑗2𝑙𝑙
𝑖𝑖𝜔𝜔𝐶𝐶𝑠𝑠

+
(𝑗𝑗1 + 𝑗𝑗2)𝑙𝑙
𝑖𝑖𝜔𝜔𝐶𝐶𝑚𝑚

= 0 

(2.18) 

Using Equation (2.14), 𝑗𝑗1 and 𝑗𝑗2 can be calculated from Equation (2.16), and 

subsequently 𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒is obtained from [11] as, 

𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒 =
𝐵𝐵𝑎𝑎𝑣𝑣𝑔𝑔
𝜀𝜀0𝐻𝐻3

=
𝐻𝐻0

𝐻𝐻0 − 𝐹𝐹1𝑗𝑗1 − 𝐹𝐹2𝑗𝑗2

= 1 −
(𝜔𝜔𝜀𝜀0𝑆𝑆)2𝐹𝐹1𝐹𝐹2(𝐹𝐹1+𝐹𝐹2)− 𝜀𝜀0𝑆𝑆 �(𝐹𝐹12 + 𝐹𝐹22) 𝑙𝑙

𝐶𝐶𝑆𝑆
+ (𝐹𝐹1−𝐹𝐹2)2 𝑙𝑙

𝐶𝐶𝑚𝑚
�+ 𝑖𝑖𝑖𝑖(𝜎𝜎)

(𝜔𝜔𝜀𝜀0𝑆𝑆)2𝐹𝐹1𝐹𝐹2 − 𝜀𝜀0𝑆𝑆(𝐹𝐹1+𝐹𝐹2) � 𝑙𝑙𝐶𝐶𝑆𝑆
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(2.19) 

where, 

𝑖𝑖(𝜎𝜎) = 𝜔𝜔𝜀𝜀0𝑆𝑆(𝐹𝐹12 + 𝐹𝐹22)𝜎𝜎𝑠𝑠𝑙𝑙 

𝐵𝐵(𝜎𝜎) = (𝜎𝜎𝑠𝑠𝑙𝑙)2 

𝐶𝐶(𝜎𝜎) = �𝜔𝜔𝜀𝜀0𝑆𝑆(𝐹𝐹1 + 𝐹𝐹2) −
2
𝜔𝜔
�
𝑙𝑙
𝐶𝐶𝑆𝑆

+
𝑙𝑙
𝐶𝐶𝑚𝑚

�� 𝜎𝜎𝑠𝑠𝑙𝑙 

(2.20) 
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In our work, the S-resonator design has symmetrical loops, 𝐹𝐹1 = 𝐹𝐹2 = 𝐹𝐹, therefore 𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒 

is derived as, 

𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒 = 1 −
2𝐹𝐹 + 𝑖𝑖 𝑖𝑖(𝜎𝜎) 𝑋𝑋⁄

1− 1

𝜔𝜔2𝜀𝜀0𝐹𝐹𝑆𝑆 �
𝑙𝑙
𝐶𝐶𝑆𝑆

+ 2𝐿𝐿
𝐶𝐶𝑚𝑚

� − 𝐵𝐵(𝜎𝜎) 𝑋𝑋⁄ + 𝑖𝑖 𝐶𝐶(𝜎𝜎) 𝑋𝑋⁄

 (2.21) 

where, 

𝑋𝑋 = (𝜔𝜔𝜀𝜀0𝐹𝐹𝑆𝑆)2 �1 −
1

𝜔𝜔𝜀𝜀0𝐹𝐹𝑆𝑆
𝑙𝑙
𝐶𝐶𝑠𝑠
� (2.22) 

Moreover, the magnetic resonance frequency is given by, 

𝜔𝜔𝑚𝑚0 = �
1

𝜀𝜀0𝐹𝐹𝑆𝑆
�
𝑙𝑙
𝐶𝐶𝑠𝑠

+
2𝑙𝑙
𝐶𝐶𝑚𝑚

� (2.23) 

also, the magnetic plasma frequency is determined by, 

𝜔𝜔𝑚𝑚𝑚𝑚 = �
1

𝜀𝜀0𝐹𝐹𝑆𝑆(1 − 2𝐹𝐹) �
𝑙𝑙
𝐶𝐶𝑠𝑠

+
2𝑙𝑙
𝐶𝐶𝑚𝑚

� = 𝜔𝜔𝑚𝑚0�
1

1 − 2𝐹𝐹
 (2.24) 

Now circuit theory can simplify the above equation by assigning an inductance L to 

each loop of the S-resonator. Therefore the Equation (2.24) is written as, 

𝜔𝜔𝑚𝑚𝑚𝑚 = �𝐿𝐿
1

1
𝐶𝐶𝑠𝑠

+ 1
𝐶𝐶𝑚𝑚 2⁄

= �
𝑙𝑙

𝜀𝜀0𝐹𝐹𝑆𝑆
�

1
𝐶𝐶𝑠𝑠

+
2
𝐶𝐶𝑚𝑚

� (2.25) 

which is the same as calculated 𝜔𝜔𝑚𝑚0.  
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The electrical characteristics of S-resonators are very similar to a metallic wire medium 

described in [10] which itself is driven by the Drude model, and the general form of its 

effective permittivity is shown to be, 

𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒 = 1 −
𝜔𝜔𝑒𝑒𝑚𝑚2 − 𝜔𝜔𝑒𝑒0

2

𝜔𝜔2 − 𝜔𝜔𝑒𝑒02 + 𝑖𝑖𝑖𝑖𝜔𝜔
 (2.26) 

where 𝜔𝜔𝑒𝑒0 is the electric resonant frequency, 𝜔𝜔𝑒𝑒0 is the plasma frequency, and 𝑖𝑖 is the 

damping coefficient representing dissipation of energy in free electron plasma.  

The electric resonant frequency of the S-resonator is lower than that of wire medium, 

and the reason is due to the larger capacitance in the S-resonator [42]. This offers a tool to 

modify the electric resonance of the S-resonator to achieve an overlapping negative 

effective permittivity and permeability. 

We need to mention that these analytical expressions are for a unit cell of S-resonators 

along the z-direction, and by adding more meta-atoms, the analytical approach becomes 

extremely difficult and complicated. Therefore, in addition to numerical and theoretical 

approaches toward confirmation of the negative refractive index, Kong and colleagues 

investigated their proposed metamaterial design through experiments to verify this double 

negative feature of the bulk structure [18]. According to their experiments, a prism was 

fabricated to examine Snell’s law of refraction, Figure 2.5. 
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Figure 2.5: A prism made from S-resonators. (figure is courtesy of [18]) 
 

They measured the angle of transmitted power from the normal axis on the exit face of 

the prism and bu using the Snell’s law they could estimate the bulk effective refractive 

index. Their experiments confirmed a negative refraction from the S-shaped resonator bulk 

structure over a frequency range which was different than what obtained from numerical 

calculations, Figure 2.6. The reason was due to a higher dielectric substrate and the 

connected S-resonators which both decreased the electric resonant frequency and altered 

the magnetic resonant frequency, but the qualitative behavior stayed unchanged, so they 

were still able to observe a negative refraction.  
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Figure 2.6: (a) Schematic of setup for Snell refraction experiment. (b) Refractive index obtained from the 
angle of measured power in the far field from prism’s exit face. (figures are courtesy of [18]) 

 

2.3. Studying Designed S-resonators 

Based on all the previous arguments, we choose the S-shaped resonators as the main 

meta-atom from which to build meta-structures. This motivation clearly comes from its 

already established analytical and experimental approaches to achieve a double negative 

metamaterial. The S-shaped resonator was studied before in our group for different 

configurations, [43]. It was shown that a mirrored S-shaped resonator metamaterial exhibits 

overlapping negative permittivity and permeability. Figure 2.7 illustrates the mirrored S-

shaped resonator which we designed for this purpose and is embedded in its dielectric host. 

In experiments, the S-resonators are printed on either side of FR4 circuit boards, and plain 

boards are inserted between printed ones. For the sake of simulations, we can assume metal 

S-resonators are embedded in a dialectic hot which has FR4 properties. 
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Figure 2.7: Schematic of a part of the mirrored S-resonator metamaterial. In simulations of effective 
parameters extraction, there are an infinite array of these resonators along the z-direction and the y-direction. 
The exciting plane wave is propagating along the x-direction with polarization along the z-direction. 

 

In Figure 2.8, the dimensions of the unit cell are Dx=6.4mm, Dy=7.68, and 

Dz=3.28mm; and for the metal strips we have h=3.2mm, w=3.84mm, tw=0.64mm, with a 

lateral separation of mirrored S-resonators as d=1.6mm in the y-direction, and their trace 

thickness is 38µm. Metal strips are made out of copper, and the dielectric substrate of FR4 

has a permittivity ɛ of 4.4 and loss tangent of 0.02. 
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Figure 2.8: The meta-atom dimensions printed copper S-shaped resonators on the FR4 circuit board with 
ε=4.4 and loss tangent of 0.02, with h=3.2mm, w=3.84mm, tw=0.64mm, d=1.6mm, and trace thickness of 
38µm. The unit cell dimensions are Dx=6.4mm, Dy=7.68, and Dz=3.28mm. On the right, the extracted 
refractive index for this design showing an unquestionable negative-index region for frequencies of 5.8-8GHz 
and near-zero index for 8.1-8.6GHz. 

 

All the main simulations in this dissertation are conducted either in the frequency 

domain and finite element method (FEM) using Ansys HFSS or using finite-difference-

time-domain (FDTD) method through available commercial software Lumerical FDTD. In 

numerical studies, a unit cell is assumed to be infinitely extended through enforcing 

periodic boundaries. Here, periodic boundaries are set for the XY and the XZ planes. The 

exciting plane wave is traveling along the z-direction with a polarization along the x-

direction, Figure 2.9. 
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Figure 2.9: Simulation setup for calculating S-parameters of the S-resonators in HFSS. The unit cell is 
infinitely extended in the XY plane by enforcing periodic boundaries on the XZ and the YZ faces of the air 
box (red box) which encloses the unit cell. The excitation wave travels along the z-direction and with a 
polarization along the x-direction. 

 

The S-parameters obtained for a single unit cell along the propagation direction is 

plotted in Figure 2.10 where 𝑆𝑆11 is related to reflection coefficient and 𝑆𝑆21 is related to 

transmission coefficient. In the plot for the S-parameters magnitude, Figure 2.10(left), there 

are two regions indicating separate resonances. We know that the first one which is at 

6GHz belongs to a magnetic resonance produced in the loops made by the mirrored S-

resonators and the second one which is at 9.1GHz comes from an electric resonance 
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produced in the metal strips of the S-resonators. We can anticipate that the overlapping 

negative effective ɛ and μ would be between these two resonances. 

 

Figure 2.10: Magnitude of S-parameters (left), and their phase (right) for an infinitely extended S-resonator 
slab on the plane of incidence with a single unit cell along the propagation direction. 

 

The impedance is extracted from S-parameters which itself also indicates the two 

dominant resonances of the metamaterial, Figure 2.11. In our representations, a positive 

real part of impedance and its negative imaginary part satisfy the requirement for a passive 

medium. Later in Chapter 4, we will discuss the design parameters to modify and tailor the 

effective resonance behavior of the S-resonator metamaterial.  
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Figure 2.11: Impedance of an infinitely extended S-resonator slab on the plane of incidence with a single unit 
cell along the propagation direction. 

 

After that, all possible branches which satisfy the logarithm function for refractive 

index, Equation(2.5), are calculated, and some are depicted in Figure 2.12. 

 

Figure 2.12: Some of the possible refractive index branches for its real part. 
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Figure 2.13: Some of the possible index branches for its real part (top), and extracted index after choosing 
the correct branch number (bottom). Two unit cells along the propagation direction (left), and three unit cells 
along the propagation direction (right). 

 

Since choosing the correct branch number can be difficult, we use the fact that the 

refractive index should remain the same over frequencies by increasing the number of unit 

cells along the propagation direction as far as the slab thickness is thin enough compared 

to the effective wavelength within the slab. We then obtain the correct branch by comparing 

the generated index branches for different lengths of the metamaterial slab, Figure 2.13. 

The chosen branch number in each case produces the same initial index for all three 
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different slab thicknesses. Moreover, following continuity condition, these choices 

generate the same refractive index. Therefore, the correct branch number is chosen, and 

the extracted refractive index of this single unit cell along the traveling wave is shown in 

Figure 2.14. 

 

Figure 2.14: Extracted effective refractive index of the mirrored S-resonators with single unit cell along the 
propagation direction. 

  

As can be seen in the above figure, there is a frequency region in which the real part of 

the refractive index is negative, indicating an overlapping of negative values of effective 

permittivity and permeability. The imaginary part of the index is very close to zero for a 

portion of this segment, and it increases for the rest of it. Based on conditions for extracting 
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valid values for index based on resonances of the structure [23], the retrieval method can 

confirm only the regions where the loss, imaginary part of the index, is very low. The other 

areas with higher imaginary values are affiliated with large losses due to resonances, and 

the extraction method is unreliable to justify the physical meaning of the extracted index. 

Hence, we can accept the region in 5.8-8.1GHz as an unquestionable negative-index 

region. In other words, the mirrored S-resonator metamaterial has a negative refractive 

index with a frequency bandwidth of 2.3GHz. The relative size of meta-atoms compared 

to free space wavelength in this frequency range is between 𝜆𝜆 6⁄  and 𝜆𝜆 8⁄  which is small 

enough to be considered as a homogenous medium for parameter extraction purpose. In 

addition, the frequency range of 8.5-12.1GHz represents a valid positive index region. The 

area between 8.1-8.5GHz which is near zero with a higher loss than the vicinity areas is 

because of the logarithmic function behavior around zeros or singularities.   

 

Figure 2.15: Effective permittivity (left), and effective permeability (right). 
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We can then extract the effective permittivity and permeability from the obtained index 

and impedance, Figure 2.15. It is clear that both ɛeff and μeff have a negative real part in the 

5.8-8.1GHz frequency range with low positive imaginary values. Also, we can see 

corresponding electric and magnetic resonances in these figures.  

Following the extraction method [23], the bulk properties of this metamaterial are 

determined from scattering parameters, and the retrieval method assumes an infinite array 

of meta‐atoms in the plane perpendicular to the plane of incidence. The retrieved refractive 

index values are consistent with expectations. They do not arise from diffraction 

phenomena, and their dependence on the collective resonant properties of the metamaterial 

is evident [44]. 

There is an interest in tuning the S-resonators to control the frequency of operation. We 

know that metamaterials are very sensitive to environment change regarding their 

interaction with electromagnetic waves. For instance, by modifying the design of the meta-

atom, we can achieve a shift in frequency respond of the structure. Figure 2.16 shows an 

example approach to change the effective refractive index of the bulk metamaterial by 

modifying its substrate. 
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Figure 2.16: By changing permittivity of the S-resonator substrate, we can control the frequency of operation 
having the overall respond fixed. For instance, two permittivity of 4 and 8 results in effective refractive 
indices of +1 and -1. 

  

We proceed our studies of the S-resonator metamaterial with investigating time 

evolution of the field in the presence of the metamaterial. Most of the numerical approaches 

are based on frequency domain evaluation of the metamaterials which eliminates the 

comprehensive understanding of resonances and couplings in meta-atoms as all the fields 

are calculated in steady state for each single frequency. Advantages of frequency domain 

methods such as finite element method (FEM) are i) more stable numerical results, and ii) 

fewer unknowns to solve for each mesh space and iteration, which saves the calculation 

time by increasing the simulation size and mesh. Therefore, they can be efficient and time-

savings methods to study metamaterials especially when the bulk structure of interest is 

bigger than the wavelength in some orders of magnitude. On the other hand, exploring 
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transient nature of interactions between incident field and the metamaterial structure can 

unravel the dynamic of the couplings between the incoming field and the resonators as well 

as energy distribution of the field over frequencies and how the presence of the strong 

resonators in the metamaterial structure would modify this energy distribution. 

We conduct the time domain series of simulations in Lumerical FDTD which is a 

commercial package for FDTD simulations in optics and photonics and to some 

applications in RF and Microwave. The simulation environment is shown in Figure 2.17, 

where an infinitely extended metamaterial structure is built by enforcing periodic 

boundaries on the XY and the XZ planes. Two rows of mirrored S-resonators are designed 

along the propagation direction to consider stronger mutual couplings while the field 

travels through the structure. All dimensions for the unit cell is the same as for the 

simulations in HFSS except trace thickness which is doubled in FDTD simulations to 76nm 

to run the simulation with smaller amounts of meshing and eventually to save on simulation 

time since it should not change the final results significantly. The dielectric substrate is 

FR4 and has an index of 2.09772+i0.0209751 over the frequencies of interest. We set the 

YZ planes as PML boundaries to absorb the most optimum amount of incident field energy 

on these faces eliminating any potential numerical back reflection. Incident field is shown 

to propagate along the x-direction with polarization along the y-direction. Field monitors 

are placed in multiple positions, yellow crossed marks, to record time variation of the field 

at these points.  
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Figure 2.17: Simulation setup in Lumerical FDTD; a) two rows of mirrored S-resonators are embodied in the 
dielectric substrate. Periodic boundaries are applied on the XZ and XY planes, and the YZ planes are set as 
PML boundary. A purple arrow indicates the excitation field as its wave vector and blue vectors as the 
polarization of the field. The yellow crossed marks are the position of the field monitors; b) the XY view of 
the setup; c) the XZ view of the setup. 

 

To excite the structure, a broadband pulse of 0.3ns time length with a bandwidth of 

18.63GHz is injected in the simulation setup with signal properties shown in Figure 2.18. 

The incident field is a plane wave and its energy is distributed over frequencies of 0.7 to 

19GHz which covers the main resonance frequencies of the mirrored S-resonators. 
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Figure 2.18: Excitation field setting window in Lumerical. Time signal, as well as frequency and wavelength 
spectra, are shown approximately based on input values. 

 

Using this excitation pulse, we can study the resonances and dynamic of interaction 

between the field and the metamaterial, Figure 2.19. Comparing spectra of the case with 

the only FR4 substrate and its combination with mirrored S-resonators reveal the resonance 

frequencies of the structure. The significant loss in the latter comes from the strong 

couplings with free space field and its scattering off the metal strips.  
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Figure 2.19: Field spectra measured at 0.2mm after slab when only FR4 substrate exists compared to the 
presence of metamaterial. 

 

The above spectra demonstrate the resonant nature of the metamaterial and the possible 

energy coupling between frequencies. To better understand this energy coupling, we use 

narrower signal pulses with frequencies close to the resonant frequencies of the 

metamaterial. Figure 2.20 illustrates settings of a sample excitation pulse with central 

frequency at 8.5GHz. A single frequency field means an infinite time signal, but we only 

need a small amount of field time length to run the simulation optimally. By taking into 

account the requirement of having convergent simulation results, the simulation runs for 

20ns while the plane wave travels through the structure. Although settings are for single 

frequency excitation signals, in practice the software is generating a very narrow bandwidth 

signal which is sufficiently narrow for this purpose. 
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Figure 2.20: A narrow bandwidth plane wave is used to excite the metamaterial. Although numerically we 
can set the source to have a single frequency wave with infinite time length, in practice there is a time length 
and therefore a narrow frequency bandwidth. 

 

The transmitted field right after the slab, 0.2mm after the exit face, is recorded by a 

point field monitor and the results are shown in Figure 2.21. They indicate that there should 

be more frequency components in the first 2ns of the field evaluation, and after 4.5 ns, the 

field reaches its maximum value and is stable after that. To analyze the frequency content 

of this time signal, we use Fourier Transform analysis in MATLAB to obtain the frequency 

spectra of the field. In Figure 2.22, we can see the transmitted spectra of different excitation 

frequencies for only substrate slab and the metamaterial slab. 
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Figure 2.21: The E-field magnitude of the transmitted wave through the metamaterial slab which shows there 
should be more frequency components in the first 2ns of the field evaluation, and after 4.5 ns, the field reaches 
its maximum value and is stable after that. 

 

 

Figure 2.22: Transmitted frequency spectra of multiple excitation frequencies for the substrate slab and the 
metamaterial slab; excitation frequencies a) 4.4GHz, b) 8.5GHz, c) 10.8GHz, d) 12.6GHz. 

 

As illustrated in Figure 2.22, all single frequency excitations are broadened in contrast 

to the theoretical excitation settings in the software, and this bandwidth is between 0.5 to 
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2GHz where for an excitation frequency of 4.4GHz, Figure 2.22(a), it has the lowest 

bandwidth of about 0.5GHz.  Another interesting fact in the bandwidth analysis is that 

although most of the transmitted bandwidth after the substrate slab and the metamaterial 

slab are comparable, at the higher excitation frequency of 12.6GHz, the frequency 

bandwidth is decreased by about 40% when S-resonators are present in the simulation. This 

suggests that the metamaterial acts as a very effective bandpass filter while the peak output 

power has remained almost the same. 

By further studying these power spectra, Figure 2.22, we observe the presence of the 

dominant resonant frequencies of the metamaterial which were shown before in Figure 

2.19 using a broadband excitation. For instance, the peak resonant frequency of 4.4GHz 

has significant power even when the excitation signal is at higher frequencies. Although a 

portion of the measured power at this peak can be associated with the signal power, the 

proportion increase is noticeable enough to assume that a part of power comes from the 

coupling of the signal frequency at higher resonant frequencies to other resonant 

frequencies. This mechanism can be explained as power coupling of the fundamental 

resonances in the resonator while one of the resonances is excited. On the other hand, these 

spectra only demonstrate the distributed power as average power over the entire sampled 

time which is 20ns in these simulations. Therefore, a spectrographic analysis can show the 

time evaluation of these spectra densities with a better explanation, Figure 2.23.  
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Figure 2.23: Spectrograph of transmitted frequency spectra of multiple excitation frequencies for the 
metamaterial slab; excitation frequencies a) 4.4GHz, b) 8.5GHz, c) 10.8GHz, d) 12.6GHz. 

 

As illustrated in the above figures, some of the signal power is distributed over adjacent 

frequencies in the first 2ns of time evaluation, and then power remains within the central 

frequency bandwidth for the rest of time evaluation, while the coupled power to nearby 

frequencies dissipates away. The nature of these coupled fields is evanescent as they are 

not propagating energy toward the far field. 

 

2.4. Designing Metasurfaces 

There is a version of metamaterials that are extended only on the surface and are called 

metasurface. These 2D structures are similar to frequency selective surfaces (FSSs), but 

their unit cells and spacing are on the subwavelength scale. Early works on these structures 

called them metafilms referring to the distribution of electrically small resonators on a 
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surface with negligible thickness [45], [46]. To characterize their electromagnetic behavior, 

one can assign surface electric and magnetic polarizability to these scatterers. Compared 

to bulk metamaterials, metasurfaces occupy less space and offer a very compact design 

while delivering superior results. Their electrically small size means they have significantly 

less loss compared to 3D metamaterials, so they can be better candidates for applications 

where bulky metamaterial’s loss is a major drawback. 

Planar metamaterials have attracted great attentions due to their unique functionalities 

for various applications such as cloaking [47], [48], magnetic mirror [49], and many more 

[50]. Conventionally, these planar metamaterials have been designed as periodically 

arranged resonators with many different geometries proposed by their unit cell. By 

breaking spatial symmetry in the design of resonators, trapped modes could couple strongly 

to free space excitation which results in Fano resonances and electromagnetically induced 

transparency (EIT) phenomena [51]. In particular, double concentric rings were shown to 

exhibit polarization and angle independent resonance transmission frequency with a 

narrow band-pass [52]. We numerically study the role of asymmetries introduced in 

concentric rings, resulting in additional Fano resonances, and therefore finding applications 

in spectral filtering devices and sensors. 

In Figure 2.24(a), the layout of concentric and non-concentric rings are shown. The 

rings are perfect electrical conductors of inner and outer radii of 4.3mm and 5.25mm 

respectively with a trace width of 0.4mm, and they are enclosed in a 15mm by 15mm unit 
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cell. The structure is excited using a plane wave which propagates along the z-axis and has 

linear polarization along the y-axis. 

 

Figure 2.24: a) Unit cell designs of double concentric and non-concentric rings; r1=4.3mm, and r2=5.25mm; 
b) Transmission (blue) and Reflection (red) spectra of different centers separation, 1) 0, 2) 0.14mm, 3) 
0.28mm, and 4) 0.42mm. 
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By shifting the center of the inner ring in the XY plane and along the y=x line, an 

additional EIT resonance at around 9.55 GHz emerges and becomes significant, and it 

reaches its narrowest band pass when ring centers separation, d, is about half of rings gap, 

Figure 2.24(b). 

We further studied the electromagnetic properties of the metasurface by adding an outer 

ring to the double-ring design which generates extra resonances as one could expect, as 

shown in Figure 2.25. To have the number of passband frequencies doubled, the center of 

the inner and middle rings are shifted 0.84mm and 0.42mm respectively along the y=x line, 

and results are shown in Figure 3. 

 

Figure 2.25: a) Unit cell designs of triple concentric rings in concentric and non-concentric orientations with 
r3=6.2mm; b) transmission spectra for 1) concentric, and 2) non-concentric design. 
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Stacking a limited number of these planar metamaterials on top of each other can shift 

and modify the resonances which are due to couplings between the layers as far as the gap 

is in the subwavelength scale. Our simulations show that stacking more than two layers of 

double rings drastically decreases the average transmitted power as the loss increases due 

to additional mutual couplings and scattering off the planar resonators.  

 

Figure 2.26: Transmission and reflection of a double layer of non-concentric double rings with different gap 
thickness (in mm). 

 

Another method to manipulate the behavior of the metasurface and control its 

resonances is to use Babinet principle in design process [53]. Based on this principle, a 

complementary electromagnetic structure is obtained by swapping the metals and 
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dielectrics in the design. The complementary metasurface has complementary impedance, 

therefore complementary transmission with respect to its original design. By combining a 

double ring and its complementary unit cell, a new unit cell is realized which has more 

resonances and is called a self-complimentary metasurface, Figure 2.27. 

 

Figure 2.27: A self-complementary metasurface and its transmission and reflection spectra when the 
metasurface is infinitely extended on the XY plane. 
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In summary, we have investigated the role of asymmetries in multiple concentric ring 

metasurfaces, and it was shown that by introducing increasing symmetry breaking, ultra-

narrow bandpass regions are achievable. Further studies based on this approach provide 

opportunities for developing spectral filters and modulators. 

 

2.5. Conclusion 

The background of S-resonator metamaterials was reviewed, and a new design was 

proposed. We used a well-established retrieval process for extracting the effective 

parameters of mirrored S-resonators metamaterial which show overlapping negative real 

values for permittivity and permeability within the frequency range of 5.8 GHz to 8.2 GHz. 

This results in a negative index metamaterial showing left-handed electromagnetic 

properties. We also studied the interactions of the metamaterial and the incident field in the 

time domain which itself shows a left-handed metamaterial. At last, we introduced a planar 

metamaterial and characterized its transmission and resonances which demonstrated its 

potential for applications such as filtering.  

 

 



 
 
 
 
 
 

CHAPTER 3: NEGATIVE INDEX AND NEGATIVE REFRACTION 
 

The concept of negative refraction and the backward wave has been the center of 

attention for a long time. The earliest idea goes back to 1904 when Arthur Schuster 

explored the possibility of backward wave effect [3]. He considered that backward wave 

might exist when there is an anomalous dispersion in the medium. In the anomalous 

dispersion region, absorption band, the wave velocity increases as the effective wavelength 

decreases, and therefore the group velocity and the phase velocity can have opposite 

directions. He concluded that the field energy propagates along the wave vector direction 

at the group velocity, but the phase velocity direction is anti-parallel. Schuster studied the 

possibility of backward waves and negative refraction in an isotropic dielectric material 

with an anomalous dispersion without considering the permeability and magnetic 

properties of materials. Moreover, he linked the origin of negative refraction to the negative 

phase velocity. 

In his pioneering paper, Veselago [54] indicates the requirements of a left-handed 

material with negative real parts of permittivity and permeability to realize phenomenon 

such as negative refraction. To represent the mathematical framework of negative 

refraction, Figure 3.1 represents the negative refraction in a left-handed material (LHM) 

compared to the regular positive refraction in right-handed materials (RHM). 
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Figure 3.1: Positive refraction (left), and negative refraction (right). 
 

By assuming an incident wave of polarization along the y-direction, the continuity 

condition of the electric field at the interface yields, 

𝐸𝐸𝑖𝑖𝑒𝑒−𝑗𝑗(𝒌𝒌𝑖𝑖.𝒓𝒓−𝑖𝑖𝜕𝜕) + 𝐸𝐸𝑟𝑟𝑒𝑒−𝑗𝑗(𝒌𝒌𝑟𝑟.𝒓𝒓−𝑖𝑖𝜕𝜕) = 𝐸𝐸𝜕𝜕𝑒𝑒−𝑗𝑗(𝒌𝒌𝑡𝑡.𝒓𝒓−𝑖𝑖𝜕𝜕) (3.1) 

as the relationship between the incident, reflected, and transmitted waves. This equation 

can be simplified considering the boundary conditions as, 

𝐸𝐸𝑖𝑖𝑒𝑒−𝑗𝑗(𝑘𝑘𝑖𝑖𝑖𝑖𝑥𝑥) + 𝐸𝐸𝑟𝑟𝑒𝑒−𝑗𝑗(𝑘𝑘𝑟𝑟𝑖𝑖𝑥𝑥) = 𝐸𝐸𝜕𝜕𝑒𝑒−𝑗𝑗(𝑘𝑘𝑡𝑡𝑖𝑖𝑥𝑥) (3.2) 

with 𝑘𝑘𝑥𝑥 = 𝑖𝑖
𝑐𝑐
𝑛𝑛 sin𝜃𝜃. Since Equation (3.2) must be valid at the interface, all wave vectors 

have to be the same. Therefore, the famous Snell’s law is determined, 

𝜃𝜃𝑖𝑖 = 𝜃𝜃𝑟𝑟  ;  𝑛𝑛1 sin𝜃𝜃𝑖𝑖 = 𝑛𝑛2 sin 𝜃𝜃𝜕𝜕   (3.3) 

moreover, for refraction from an RHM to LHM, the above equation becomes, 

𝑛𝑛1 sin𝜃𝜃𝑖𝑖 = −|𝑛𝑛2| sin𝜃𝜃𝜕𝜕   (3.4) 
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since 𝑛𝑛1 > 0, it is obvious that the angle of refraction at the interface of RHM and LHM 

must be negative to satisfy the relationship, 𝜃𝜃𝜕𝜕 < 0.  

Another characteristic of the negative index medium is the backward wave which 

means the wave vector in the LHM material (here refracted medium) is toward the 

interface. Considering the refracted wave propagating at any point of 𝑧𝑧 ≠ 0,  

𝒌𝒌𝜕𝜕. 𝒓𝒓 = 𝑘𝑘𝜕𝜕𝑥𝑥𝑥𝑥 + 𝑘𝑘𝜕𝜕𝑡𝑡𝑧𝑧 =
𝜔𝜔
𝑐𝑐

(𝑛𝑛2 sin𝜃𝜃𝑟𝑟 𝑥𝑥� + 𝑛𝑛2 cos𝜃𝜃𝑟𝑟 �̂�𝑧) (3.5) 

in the conventional materials (RHM) the wave points toward a positive direction away 

from the interface as 𝑛𝑛2,𝜃𝜃𝑟𝑟 > 0; but in the left-handed material the Equation (3.5) 

becomes, 

𝒌𝒌𝜕𝜕. 𝒓𝒓 =
𝜔𝜔
𝑐𝑐

(|𝑛𝑛2| sin(𝜃𝜃𝑟𝑟)𝑥𝑥� − |𝑛𝑛2| cos(𝜃𝜃𝑟𝑟) �̂�𝑧) (3.6) 

since 𝑛𝑛2,𝜃𝜃𝑟𝑟 < 0, which demonstrated changing sign in the direction of the wave vector.  

To review the propagation of the wave in a lossless left-handed material, we note that 

if only one of the effective parameters of ɛ or μ is negative, the material will act as a band 

gap medium and the wave cannot propagate. For instance, for the case with 𝜀𝜀 < 0 and 𝜀𝜀 >

0, the refractive index is given by, 

𝑛𝑛 = �𝜀𝜀𝜀𝜀 = �−|𝜀𝜀||𝜀𝜀| = −𝑖𝑖�|𝜀𝜀||𝜀𝜀| (3.7) 

that satisfies the condition for the passive material. Inserting this term into the wave 

equation, 

𝑬𝑬 = 𝑬𝑬𝟎𝟎𝑒𝑒
−𝑖𝑖𝑖𝑖𝑐𝑐 𝑛𝑛𝒌𝒌.𝒓𝒓 = 𝑬𝑬𝟎𝟎𝑒𝑒

−𝑖𝑖𝑖𝑖𝑐𝑐 �−𝑖𝑖�|𝜀𝜀||𝜇𝜇|�𝒌𝒌.𝒓𝒓 = 𝑬𝑬𝟎𝟎𝑒𝑒
−𝑖𝑖𝑐𝑐 ��|𝜀𝜀||𝜇𝜇|�𝒌𝒌.𝒓𝒓 (3.8) 
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we see that the wave will attenuate in the material. However, if both ɛ and μ are negative, 

the refractive index is given by, 

𝑛𝑛 = �𝜀𝜀𝜀𝜀 = 𝑖𝑖2�−|𝜀𝜀|�−|𝜀𝜀| = −�|𝜀𝜀||𝜀𝜀| (3.9) 

that is real, and hence the wave propagates inside the medium.  

Although when Veselago proposed the mathematical possibility of a double negative 

index material, left-handed material, there was not any available medium to experimentally 

validate the phenomenon. In 2000, Smith et al. reported the first metamaterial exhibiting 

negative index, [9]. Their structure was composed of metal rods and split-ring resonators 

(SRRs), Figure 3.2. They designed the size and geometry of the elements to have the 

effective permittivity and permeability with overlapping negative real values to realize a 

negative index medium with a propagating wave.  

 

Figure 3.2: The first demonstrated metamaterial exhibiting negative index and negative refraction, [9]. 
 



71 
 

 

Figure 3.3: The measured transmission through an array of SRRs (solid line), and the left-handed 
metamaterial composed of metal rods and SRRs. (dashed line), [9]. 

 

The meta-atoms of this metamaterial were introduced before. Pendry et al. first 

proposed the metal rods medium as a structure with a plasma cutoff frequency at 

microwave, [10]. The array of metal wires exhibits a negative real effective permittivity 

with low loss and is a potential candidate to be implemented in designs to achieve a double 

negative index metamaterial. On the other hand, split ring resonators were reported to show 

a negative real effective permeability, [11]. It should be noted that to excite these mediums 

the incident wave should have certain polarizations, such as a polarization along the metal 

wires, or perpendicular polarization on the plane of SRRs for the magnetic field of the 

incident wave. 

To verify the negative index region, they measured the transmission through the 

metamaterial. A peak in transmission magnitude confirmed the existence of a negative 
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index at a frequency range in which both negative ɛ and μ were expected to be negative. 

Figure 3.3 illustrates the transmission for an array of only SRRs and the metamaterial with 

metal rods and SRRs. For the frequencies where SRRs, with negative μ, has a band gap, 

the composite metamaterial of wire rods and SRRs allows propagation of wave to confirm 

the negative index frequency range. It should be noted that the reason of low transmission 

magnitude in the LHM metamaterial is due to the loss and multiple scattering in the 

structure. An evidence of transmission through the metamaterial slab where ɛeff and μeff are 

expected to have negative real values is not sufficient to prove an actual negative index. 

The same group presented later an experiment to demonstrate the negative refraction [9]. 

Later on, newly designed structures were proposed to show a negative index of refraction 

at microwave [55]–[59], infrared [60], and optical regions [61]–[63]. 

The early realizations of such metamaterials had some limitations in their exotic 

characteristics including omnidirectional and polarization dependent properties, operating 

over a very narrow bandwidth, and limited functional frequency ranges due to constraints 

on building block materials and limitations in fabrication technologies [63]–[65]. To 

address these limitations and achieve structures with more flexibility regarding their 

functions, later efforts in designing metamaterials with more efficient performance led to 

interesting results such as all angles incident negative index metamaterials [66], and 

polarization independent negative index metamaterials [67]. Figure 3.4 shows some 

examples of such negative index metamaterials operating at different frequencies. 
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Figure 3.4: Some negative index materials designs, a) The first realization of NIM using SRR arrays with 
metallic wires at microwave frequencies [68], b) a SEM image of a fishnet metamaterial with negative index 
at near-IR frequencies [69], c) A polarization independent negative index metamaterial based on a single 
layer coaxial waveguide design [67]. 

 

A significant feature of negative index medium is the backward wave. In this case, the 

electric and magnetic field vectors, and the wave vector form a left-handed coordination. 

On the other hand, assuming in a plane wave, the relationship between Poynting vector, 𝑺𝑺, 

and field vectors is, 

𝑺𝑺 =
1
2
𝑅𝑅𝑒𝑒(𝑬𝑬 × 𝑯𝑯) (3.10) 

which is a right-handed rotation. Therefore, wave vector 𝒌𝒌, and Poynting vector 𝑺𝑺 are anti-

parallel in a negative index medium which is also an isotropic medium. Hence, negative 

index of refraction implies existence of backward wave. 

The above condition for the backward wave is also restricted to a lossless medium. By 

considering the presence of loss in the system, the condition of 𝜀𝜀(𝜔𝜔), 𝜀𝜀(𝜔𝜔) < 0 have to be 

modified, [70], and to include the complex permittivity and permeability we have, 
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�𝜀𝜀𝜀𝜀 = ±
1

2�(𝜀𝜀′ + |𝜀𝜀|)(𝜀𝜀′ + |𝜀𝜀|)
�(𝜀𝜀′ + |𝜀𝜀|)(𝜀𝜀′ + |𝜀𝜀|)− 𝜀𝜀"𝜀𝜀"

+ 𝑖𝑖�𝜀𝜀"(𝜀𝜀′ + |𝜀𝜀|) + 𝜀𝜀"(𝜀𝜀′ + |𝜀𝜀|)�� 
(3.11) 

To have a negative phase velocity and backward wave, the real part of √𝜀𝜀𝜀𝜀 must be 

negative and it implies, 

(𝜀𝜀′ + |𝜀𝜀|)(𝜀𝜀′ + |𝜀𝜀|) < 𝜀𝜀"𝜀𝜀" (3.12) 

multiplying sides of Equation (3.12) by (𝜀𝜀′ − |𝜀𝜀|)(𝜀𝜀′ − |𝜀𝜀|), we conclude, 

(𝜀𝜀′ − |𝜀𝜀|)(𝜀𝜀′ − |𝜀𝜀|) > 𝜀𝜀"𝜀𝜀" (3.13) 

considering the complex wave number form as, 

𝑘𝑘 = −
𝜔𝜔
𝑐𝑐

1
√2

��𝜀𝜀′𝜀𝜀′ − 𝜀𝜀"𝜀𝜀" + |𝜀𝜀𝜀𝜀| − 𝑖𝑖�𝜀𝜀′𝜀𝜀" + 𝜀𝜀"𝜀𝜀′��
1

𝜀𝜀′𝜀𝜀′ − 𝜀𝜀"𝜀𝜀" + |𝜀𝜀𝜀𝜀|� 
(3.14) 

the imaginary part of 𝑘𝑘 must be positive to have the backward wave and it results in [71], 

𝜀𝜀′𝜀𝜀" + 𝜀𝜀"𝜀𝜀′ < 0 (3.15) 

Also, the power flow direction must be positive, and it requires the conditions of, 

𝜀𝜀′|𝜀𝜀| + |𝜀𝜀|𝜀𝜀′ < 0 (3.16) 

Equations (3.14) and (3.15) define the requirements for the existence of backward wave in 

a medium with negative phase velocity and index.  

Although the presence of negative index implies negative refraction, it is not a valid 

statement the other way, and one should not associate negative refraction completely with 

a negative index. To support this statement, there is evidence that anisotropic crystals might 
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exhibit negative refraction [72]–[75]. For instance, calcite which is an anisotropic crystal 

shows amphoteric refraction which means displaying positively or negatively refraction 

[76]. These anisotropic crystals only support forward wave and positive phase velocity but 

still demonstrate negative refraction. 

Also, negative refraction can occur as a result of phase discontinuity over the scale of 

the wavelength [77]–[79]. Spatially varying sub-wavelength resonators lead to an abrupt 

phase change. The consequence is a correction to the Snell’s law to represent this additional 

freedom in refraction theory. The general refraction law is obtained as, 

𝑛𝑛𝜕𝜕 sin𝜃𝜃𝜕𝜕 − 𝑛𝑛𝑖𝑖 sin𝜃𝜃𝑖𝑖 =
𝜆𝜆

2𝑚𝑚
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

 (3.17) 

with 𝑛𝑛𝑖𝑖 and 𝑛𝑛𝜕𝜕 as refractive indices of input and output media respectively, and 𝑑𝑑(𝑥𝑥) is the 

phase shift which is a linearly function of 𝑥𝑥 on the plane of the interface. 

 

Figure 3.5: Schematic illustration of generalized refraction law. The phase shifts introduced on the surface 
between two media cause the beam refracted at an angle different than the classical Snell’s law. 

 

We can also consider the origin of these several physical phenomena from multiple 

scatterings due to interactions of the exciting field and the bulk structure with its array of 
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meta-atoms. To have a better picture of periodicity effect on bulk properties of 

metamaterials, we can divide the total transmitted field 𝜓𝜓 into different main terms by 

assumption of periodicity Λ being smaller than effective wavelength λeff; 

𝜓𝜓𝜕𝜕𝑟𝑟𝑎𝑎𝑛𝑛𝑠𝑠𝑚𝑚𝑖𝑖𝜕𝜕𝜕𝜕𝑒𝑒𝑑𝑑 = 𝜓𝜓𝑖𝑖𝑛𝑛𝑐𝑐𝑖𝑖𝑑𝑑𝑒𝑒𝑛𝑛𝜕𝜕 + 𝜓𝜓𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑒𝑒𝑑𝑑 

𝜓𝜓𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑒𝑒𝑑𝑑 = 𝜓𝜓𝑑𝑑𝑖𝑖𝑠𝑠𝑚𝑚𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑑𝑑𝑛𝑛+𝑑𝑑𝑖𝑖𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛 + 𝜓𝜓𝑤𝑤𝑒𝑒𝑎𝑎𝑘𝑘 𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑖𝑖𝑛𝑛𝑔𝑔 + 𝜓𝜓𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛 
(3.18) 

A strongly scattering component that does not lend itself to interpretation by one of the 

above three terms describing the total scattered field, i.e. a 𝜓𝜓𝑠𝑠𝜕𝜕𝑟𝑟𝑑𝑑𝑛𝑛𝑔𝑔 𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑖𝑖𝑛𝑛𝑔𝑔, leads to a 

very complicated output field that might not be possible to interpret in a useful way. If one 

is interested in enhancing the role of particular terms in above formula, then adjusting 

periodicity with respect to effective wavelength becomes crucial. For instance, 𝜓𝜓𝑑𝑑𝑖𝑖𝑠𝑠𝑚𝑚𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑑𝑑𝑛𝑛 

requires strong scattering in the structure and it can be realized when periodicity Λ becomes 

of the order of the wavelength λ. Choosing the structure periodicity in a way that 

metamaterials can be assumed to be well represented by a homogenized or averaged 

quantity requires no k-dependence except that dictated by inherent symmetries in the bulk 

structure. Usually the metamaterial community accepts periodicity of λ/6 as sufficiently 

small enough for metamaterials to be considered homogenous and an effective medium 

model can be applied defining classical constitutive parameters such as refractive index. 

Constitutive parameters are distinctly averaged quantities and it could be appropriate to 

consider them when the bulk structure is away from system resonances, but these effective 

parameters are less reliable close to resonances, especially strong resonances which have a 
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large Q factor. In highly temporally dispersive regions, in contradistinction from highly 

spatially dispersive media, the energy transport can be very difficult to describe and the 

simple input-output, model from which an effective index can be inferred might not be 

reliable. However, it is precisely close to strong resonances that the more extreme 

parameter values, e.g. a negative index, are likely to be realized. Therefore, the credibility 

of an effective medium model can be increased by studying the fine structure of the ω-k 

dispersion diagram. 

 

3.1. Negative Index and Negative Refraction in S-resonators 

We consider bulk properties of the metamaterial such as negative refraction where the 

periodicity of, and scattering from subwavelength elements contribute. To confirm that our 

designed mirrored S-resonator metamaterial exhibits double negative properties, we 

simulate refraction experiment using a prism made out of the S-resonators. As we saw 

previously, the extraction methods are only an approximate approach in anticipating 

effective parameters, and it is possible that they fail in predicting accurate parameters due 

to fundamental restrictions based on their assumptions, for instance, the size of meta-atoms 

which have to be in sub-wavelength scale. 

In the previous chapter, the retrieved parameters for the mirrored S-resonator 

metamaterial show a negative refractive index which implies overlapping negative real 

values for effective permittivity and permeability.  As Equation (3.15) indicates, there is a 

modified condition in the presence of loss in the structure which determines the relation of 
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complex effective parameters in a negative refractive index regime. This condition is 

mathematically evaluated for our S-resonator metamaterial, Figure 3.6. The 𝜀𝜀′𝜀𝜀" + 𝜀𝜀"𝜀𝜀′ 

term is negative in the frequency range which extracted refractive index is negative, 

therefore confirming the retrieval procedure to anticipate effective parameters.  

 

Figure 3.6: Representation of the condition in Equation (3.15) for mirrored S-resonator metamaterial as the 
requirement to realize a negative refractive index in a metamaterial with the loss. 

 

To further understand the behavior of the S-shaped resonators structure, we simulate a 

prism made out of the unit cell which was shown before and illuminate the structure with 

a plane wave that is normally incident and has a p-polarization. The simulation output 
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would be able to validate the results of extracted refractive index for frequency regions 

where we expect a valid physical meaning. Since the approach in this numerical refraction 

experiment is a full-wave simulation of a bulk structure, the calculated fields are a direct 

consequence of interactions of electromagnetic fields with the materials and the geometry 

of the structure. So, the results are independent of any extracting method results and are an 

effective tool to compare with extracted effective parameters. Figure 3.7 illustrates the 

simulation setup of the prism enclosed in an air box which has periodic boundaries in the 

XY faces to have the structure extended infinitely along the z-direction. The rest of faces 

are set as absorption boundaries to eliminate any back reflection and scattering off these 

faces. The prism is composed of 9 unit cells of the S-resonators along its X and Y faces 

and is filled with complete unit cells and partial unit cells on its exit face. It should be stated 

that following simulation results are all conducted for a steady state with a continuous wave 

illumination. 



80 
 

 

Figure 3.7: Simulation setup of a prism made with S-resonators. All faces of XY are periodic boundaries to 
have the structure extended infinitely in the z-direction. Absorption boundaries are set on the XZ, and YZ 
faces. 

 

The E-field magnitudes of different frequencies are shown in Figure 3.8. As can be 

seen, a negative refraction is obtained at 7.2GHz. Increasing the frequency of the incident 

plane wave, the refracted wave from the exit face of prism tilts toward the normal vector 

of the exit face and then enters the positive refraction region. So, the refracted wave is 

closer to the normal vector at 8GHz, and it is away from the normal vector and is a positive 

refraction at 9.4GHz. By comparing the observed refraction angle over the same range of 

frequencies shown in Figure 3.8 to Figure 2.14, we conclude that they match relatively well 

with the refractive index values extracted from S-parameters. The reasons behind 

differences between refraction results and extracted index values come from the numerical 

approximation in both methods; the increasing number of unit cells along propagation 

direction which would slightly change the effective parameters of the bulk structure in 
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these regions, and presence of boundaries which their minimum interference with total 

fields would make it extremely difficult to measure the refracted wave quantitatively.  

 

Figure 3.8: Refraction of the incident plane wave by a prism made out of S-shaped resonators. The incident 
plane wave propagates along x-direction with polarization along the y-direction. The dashed line represents 
exit interface of the prism while the dashed arrow indicates the normal vector to the exit face. Different 
frequencies of (top-right) 7.2GHz, (bottom-left) 8GHz, and (bottom-right) 9.4GHz are shown. 

 

To examine that the seen negative refraction is due to an effective negative refractive 

index, and it is not arising from multiple side lobes, diffraction phenomena, or band gap 

phenomenon in photonic crystals, we simulated a prism which has defects in its structure. 

To represent defects, metal strips from two unit cells are removed, Figure 3.9. Although 

the exit face has a jagged pattern, we do not expect to see a change in the behavior of the 
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effective bulk properties since the patterns are in sub-wavelength scale. An interesting 

observation is that by introducing defects, the prism loses its ability to exhibit negative 

refraction. Moreover, it does not represent the expected behavior of a bulk structure 

obtained through extraction method.   

 

Figure 3.9: Refraction of the incident plane wave by a prism with defects. The incident plane wave propagates 
along x-direction with polarization along the y-direction. Different frequencies of (top-right) 7.2GHz, 
(bottom-left) 8GHz, and (bottom-right) 9.4GHz are shown. 

 

Another concern is that the negative refraction arises from the phase discontinuity on 

the plane of the exit surface. There are no subwavelength features which are varying over 

the scale of the wavelength at the interface to introduce spatially phase variation, but 
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actually, all resonators are the same on the exit face. However, to inspect the effect of phase 

discontinuity on the surface caused by resonators, we conduct additional simulations with 

only unit cells on the surface. Figure 3.10 shows the simulation setup and results with two 

unit cells on the exit face; the simulation of only one unit cell was also exhibiting the same 

trend, and we only include following figures as a demonstration of the effect. It is clear that 

the prism which only has sub-wavelength resonators on the exit surface is not displaying 

the refraction we see in the bulk structure. This is another confirmation that the negative 

refraction observed in the complete bulk metamaterial arise from the negative refractive 

index. 
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Figure 3.10: Refraction of the incident plane wave by a prism with S-resonators on the exit surface. The 
incident plane wave propagates along x-direction with polarization along the y-direction. Different 
frequencies of (top-right) 7.2GHz, (bottom-left) 8GHz, and (bottom-right) 9.4GHz are shown. 

 

Although a negative refraction effect can be a direct consequence of negative refractive 

index, the question is whether the observed negative refraction in the prism is definitely 

due to an effective negative refractive index or arise from the shape of the associated 

equifrequency surface in wave vector space which would be a consequence of spatial 

dispersion derived from the periodicity of meta-atoms. The alternative approach to justify 

this concern is through investigating the nature of dispersion in the structure. Plotting 

dispersion diagrams can be helpful here, Figure 3.11. Based on these plots, we can 

conclude that homogenization works for frequencies blow 15GHz when the incident angle 
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is between normal and about 65-degree oblique. For frequencies above 15GHz, 

homogenization fails; where the effective wavelength in the FR4 substrate is about 10mm. 

At these high frequencies, there are more complex interactions arising from Bragg-like 

diffraction effects. On the other hand, at lower frequencies, a Faraday Cage effect appears 

blocking incoming field. The relatively large size of the meta-atoms in this case, with 

respect to the effective size of the wavelength in the FR4 substrate, might suggest that we 

should not have homogenization. However, presumably due to the very strong interactions 

between the meta-atoms, it appears that we have homogenization as a result of the strong 

couplings between the S-shaped resonators leading to a contribution to the bulk behavior 

of the metamaterial. Under these conditions, the scattering parameters also seem to be 

reliable in specifying the effective medium properties of the metamaterial, such as 

refractive index. 



86 
 

 

Figure 3.11: Dispersion diagrams for (top) single, and (bottom) triple S-resonators along the propagation 
direction, x. (left) corresponds to reflectivity and (right) to transmissivity. 

 

The relatively large size of the meta-atoms in this case, with respect to the effective 

size of the wavelength in the FR4 substrate, might have suggested that we should not expect 

homogenization and that, 

𝜓𝜓𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑒𝑒𝑑𝑑 ≈ 𝑖𝑖𝜓𝜓𝑑𝑑𝑖𝑖𝑠𝑠𝑚𝑚𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑑𝑑𝑛𝑛+𝑑𝑑𝑖𝑖𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛 + 𝐵𝐵𝜓𝜓𝑤𝑤𝑒𝑒𝑎𝑎𝑘𝑘 𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑖𝑖𝑛𝑛𝑔𝑔 + 𝐶𝐶𝜓𝜓𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛 (3.19) 
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However, presumably due to the strong coupling between the S-resonators, it appears that 

we do have quite good homogenization and 𝐶𝐶 ≫ 𝑖𝑖 & 𝐵𝐵 which leads to background clutter. 

The latter appears to lead to the contribution of the bulk behavior of the metamaterial 

because of the associated distributed or non-local response of highly coupled clusters of 

meta-atoms. This presumably supports the observation that we can use scattering 

parameters to calculate the effective medium properties of the metamaterial such as 

refractive index in the 5.5-15GHz band, based on these numerical simulations. 

In summary, we have investigated the scattering in metamaterials where the periodicity 

of meta-atoms is only slightly less than the effective wavelength inside the structure. We 

also studied how this contributes to the bulk effective parameters, scattering, and refraction 

and properties of the metamaterial. Scattering and diffraction from the periodic 

arrangement of the meta-atoms could explain apparent refracted wave outputs as a result 

of Bragg-like behavior. However, strong coupling between the S-resonators is shown to 

lead to effective media models remaining valid even when the effective wavelength of the 

radiation inside the metamaterial is comparable to the period of the meta-atoms. Therefore, 

we can conclude that the observed negative refractive index is due to a negative index and 

that the index value is consistent with that derived from a scattering parameter analysis 

when we are in this scattering regime. 
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3.2. Conclusion 

We reviewed the origin of the negative index and negative refraction and their 

correlation. Following then, we investigated the scattering in metamaterials where the 

periodicity of meta-atoms is only slightly less than the effective wavelength and studied 

how this contributes to the bulk scattering, refraction and transmission properties of the 

metamaterial. Scattering and diffraction from the periodic arrangement of the meta-atoms 

could explain apparent refracted wave outputs as a result of Bragg-like behavior even if 

adjacent or, for example, every other meta-atom were to mimic a grating-like structure. 

However, strong coupling between resonant meta-atoms, here S-shaped resonators is 

shown to lead to a dominating homogenization phenomenon. This in turn justifies as 

effective medium model remaining valid even when the effective wavelength of the 

radiation inside the metamaterial is only greater than the unit cell length of ~ 0.8cm. We 

can conclude that the observed negative refractive index is due to a negative index and that 

the index value is consistent with that derived from a scattering parameter analysis when 

we are in this scattering regime. For the shown example, this statement appears to be the 

case even when the period is about the length of an effective wavelength, but it is not true 

for higher spatial frequencies. In the higher frequency band, above 15GHz, 

homogenization fails; where the wavelength in FR4 is about 1cm. 

 

 



 
 
 
 
 
 

CHAPTER 4: ADDRESSING BANDWIDTH AND POLARIZATION CONCERNS 
 

Narrow operating bandwidth and polarization dependency of metamaterials have 

hampered exploiting resonances for unusual bulk refractive indices. Metamaterials, in 

particular, need to improve their performance on these concerns to find a path toward real 

world application. For instance, invisibility cloaking requires metamaterials with broad 

bandwidth, polarization-independent performance, and lower loss and dispersion [80]–

[85]. Various approaches have been considered to tackle these issues in GHz, THz, and 

optical frequencies. A negative index metamaterial with polarization-independent 

parameters was proposed in microwave regime using metal-dielectric-metal multilayered 

fishnet structure [86]. Fishnet structures have received significant attention due to the 

feasibility of fabrication in smaller scales for optical frequency ranges; suggested designs 

promise to alter resonances and offer independent polarization response [87], [88]. Some 

proposed designs deliver bandwidth and polarization control for only one of the 

fundamental electromagnetic parameters such as polarization-independency for 

permittivity [89], or high bandwidth in magnetic response for a metasurface [90]. 

To address these concerns, we numerically study the role of a metamaterial substrate 

on the refractive index bandwidth of an otherwise homogenized metamaterial. Also, we 

explore modified designs to build a polarization dependent metamaterial which still 
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exhibits negative refractive index. As expected there is a trade-off between loss and 

bandwidth but with some significant and useful features. 

 

4.1. Bandwidth Control 

The S-shaped resonator design has two distinct magnetic and electric resonances arising 

from a split loop and metallic bar in the unit cell for an incident wave with a polarization 

component along the bar. To modify the resonances, we add a resonator to the design which 

has a resonance close to the S-element resonances resulting in the mutual coupling of 

resonators, enhancement of interaction between meta-atoms and therefore modifying the 

effective parameters of the design. 

 

4.1.1. Conducting Wire Medium 

It has been shown that a conducting wire medium with certain periodicities and 

dimensions has a negative effective permittivity [41], where the effective plasma frequency 

depends on the wire radius and spacing of the medium.  
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Figure 4.1: Geometry of an infinite periodic array of conducting wires 
 

Using periodically loaded transmission line model, we can estimate the effective 

permittivity of the medium [91], 

𝜀𝜀
𝜀𝜀0

=
1

(𝑘𝑘ʌ)2 �cos−1 �cos(𝑘𝑘ʌ) +
𝑚𝑚

𝑘𝑘ʌ log�ʌ/(2𝑚𝑚𝜋𝜋)�
sin(𝑘𝑘ʌ)��

2

 (4.1) 

where 𝜀𝜀0 is the vacuum permittivity, 𝑘𝑘 is the wave number of the incident field, ʌ is the 

lattice constant, and 𝜋𝜋 is the wire radius. 

  

Figure 4.2: Simulated S parameters of a wire medium made of copper with rods radius of 0.3mm and lateral 
periodicity of 3.3mm (left), and extracted effective permittivity (right). 
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A wire medium consisting of copper rods in a host dielectric medium with ɛ=4.4 was 

simulated with an incident propagating wave perpendicular to wires and polarization along 

them. The radius of wires assumed as 0.3mm and the lateral lattice constant was set as 

3.3mm. There was only one row of wires along propagating direction. Figure 4.2 shows 

the calculated S-parameters as well as extracted effective permittivity. The S-parameters 

show a resonance around 11 GHz, and consequently, the frequencies below plasma 

frequency correspond to negative effective permittivity. 

 

4.1.2. Meta-Substrate 

We can use the natural resonance of wire medium to provide an additional significant 

electrical resonance to the S-shaped resonator to broaden the bandwidth of negative 

permittivity. Although composite metamaterials that are consisting wire medium (electric 

resonator) and split-ring resonators (magnetic resonator) are well-known for quite a long 

time [9], there is very limited literature on combining a self-consistent design like S-

resonator, possessing both electric and magnetic resonances, with another resonator. It is 

worth mentioning that a composite design of S-resonators and closed rings, as magnetic 

metamaterials, has been suggested to control the bandwidth [92].  

We introduce copper rods into the already established metamaterial design that leads to 

strong couplings and scatterings of elements and hence a modified effective permittivity 

will be delivered compared to the case without rods. The copper wires are inserted in the 

center of the unit cell and aligned along the polarization of the incident wave, so the 
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exciting field causes an electrical resonance in wires, Figure 4.3. The substrate then can be 

interpreted as an inhomogeneous electrical substrate. 

  

Figure 4.3: The metamaterial unit cell of mirrored S-elements and rod with respect to incident wave 
polarization. (images are from our published paper [93]) 

 

By changing the radius of rods, we can interpret the mutual couplings between the S-

elements and the wires. As it can be seen in Figure 4.4, by only inserting rods in the 

structure of S-elements, there is a blue-shift for electrical resonance, and the magnetic 

resonance remains almost without any change. Increasing the radius of rods (from 0.2mm 

to 0.6mm) induces a larger blue-shift for electrical resonance. Also, the impedance 

amplitude corresponding to electrical resonance increases which are in accordance with a 

stronger scattering of incident wave by a larger cross section of wires when their radius 

increases. 
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Figure 4.4: Directly calculated impedance from S-parameters. Increasing the radius of rods results in a blue-
shift in electrical resonance while the magnetic one almost remains constant; Λ is 3.2mm. 

 

To understand the impact of adding wires on refractive index, a comparison is made 

between the refractive index of S-resonators and S-resonators with wires, Figure 4.5.  The 

negative index region in the original S-resonator structure sees a blue-shift less than 

0.2GHz when wires are added to the design, whereas the positive region is shifted about 

3GHz toward higher frequencies. 

  

Figure 4.5: Comparison of effective refractive indices of metamaterial structure with and without rods of 
diameter 0.8mm and Λ of 3.2mm. (images are from our published paper [93]) 
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From retrieved values for index we calculated permittivity, and as we were expecting, 

there is a broadening in the bandwidth of negative permittivity by inserting wire medium. 

 

Figure 4.6: Comparison of effective permittivity metamaterial structure with and without rods of diameter 
0.8mm and Λ of 3.2mm. (images are from our published paper [93]) 

 

To verify the numerical results obtained through FEM using Ansys HFSS, we 

performed the simulations in FDTD method using Lumerical FDTD software. Although 

simulation procedures and approaches are different but having very similar results ensures 

that there are no numerical artifacts in calculated data, Figure 4.7. 
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Figure 4.7: Comparison of extracted effective refractive indices using HFSS and Lumerical for metamaterial 
structure with rods of diameter 0.8mm and Λ of 3.2mm. 

 

So far we only investigated the effect of adding one rod in the propagation direction. 

By inserting multiple rods along the propagation direction, we can manipulate magnetic 

resonance of S-resonators as a result of stronger magnetic effect and coupling arising from 

mutual inductance in multiple rods. 

Figure 4.8(a) illustrates the unit cell with multiple rods inserted along the propagation 

direction. We see an adamant blue-shift in both magnetic and electric resonances compared 

to the original structure; this has been shown in Figure 4.8(b) with a comparison of 

impedance for the original mirrored S-resonators and its composite with inserted wire 

medium with multiple rods along the propagating wave. Therefore, by introducing the 

capability of controlling the magnetic resonance through additional rods, one would be 

able to monitor and control the bandwidth of effective bulk parameters efficiently. 
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Figure 4.8: (a) Unit cell design with multiple rods along propagating wave. (b) Calculated Impedance for 
simulations of original design without wire medium and when multiple rods are inserted, geometry 
parameters are the same as before. (image (a) is from our published paper [93]) 

 

We conducted further studies on bulk properties of the metamaterial design with wire 

medium by simulating a prism made out of the desired structure. Through this simulation, 

we can verify the credibility of extracted indices by inspecting the refraction via exit face 

of the prism. In Figure 4.9, the incident wave travels along z-direction with a polarization 

along the x-axis. The prism is extended infinitely in y-direction that is applied by periodic 

boundaries on XZ planes; the rest of planes are set as field absorbing boundaries. 
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Figure 4.9: Simulation setup of a prism made with S-resonators and copper rods between them. Wave vector 
and polarization of the incident wave are depicted. 

 

The results, Figure 4.10, show that extracted values for refractive index follow the 

refraction behavior of the bulk structure at all desired frequency ranges. For instance, at a 

frequency range that we expect both metamaterials to exhibit negative refractive index, we 

observe negative refractions, Figure 4.10(a). At a frequency of 9 GHz, the S-resonator 

metamaterial approaches zero index values, so the refraction is tilting toward the normal 

axis of prism exit face; on the other hand, this frequency for S-resonator and wire medium 

relates to the band gap according to the retrieved index curve, Figure 4.10(b). Moreover, 

at a higher frequency of 12.5 GHz, the incident wave can pass through the exit face of 

prism for S-resonators with wire medium while S-resonator design shows a higher value 

for the index of refraction, Figure 4.10(c). It should be mentioned that the generated 

spherical waves in Figure 4.10(b) in prism made with S-resonators and wire medium 

corresponds to the penetration and diffraction of field through the thin part of the prism at 
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top which goes to singularity at boundary point; and it doesn’t represent the refraction of 

the whole prism as plotted fields in HFSS was normalized to view the fields more clearly.  

 

Figure 4.10: Comparison of refraction in prisms made out of only S-resonators and S-resonators with rods. 
(a) Incident wave frequency=7.5GHz; (b) 9 GHz; and (c) 12.5 GHz. 



100 
 

 

Figure 4.11: Comparison of effective parameters between different metamaterial structures. Black lines 
represent the original mirrored S-resonators, blue lines refer to insertion of metal wires, and red lines are for 
insertion of high dielectric rods (ɛ=80). The diameter of rods is 0.8mm, and their lateral lattice constant is 
3.2mm. (a) Effective refractive index, (b) Effective permittivity. 

 

Metal rods with their free electrons can follow the incident field variations and therefore 

the phase of their polarization is very close to that of metal traces in the S-shaped resonator. 

Thus we expect significant mutual coupling between these metamaterial elements which 
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results in a broadening of negative effective permittivity or shifting effective electrical 

resonance toward higher frequencies. Besides, one can implement high dielectric rods 

(without intrinsic magnetic properties) instead of metal wires. For this configuration, 

localized displacement currents in the high dielectric rods cannot follow thoroughly the 

field variations imposed by incident field affecting the coupling efficiency between S-

resonators. In other words, the strong capacitance in a high permittivity dielectric would 

act against mutual coupling of S-resonators. As a result, a red-shift is seen in effective 

parameters, Figure 4.11.  

We proposed a composite metamaterial design composed of a conventional 

metamaterial and a meta-substrate that is capable of broadening or narrowing the 

bandwidth of effective parameters. In particular, inserting a conductive rod into the unit 

cell will increase the bandwidth of the negative permittivity. The addition of more metal 

rods can eventually shift and suppress the magnetic resonance while shifting the bulk 

plasma frequency to higher frequencies. Also, high dielectric rods will cause a blue-shift 

in effective electrical resonance frequency hence narrowing the bandwidth. This 

combination of effects, now understood, to some extent allows one to design an index value 

with a prescribed bandwidth [94]. 

 

4.2. Polarization Independent Metamaterial 

One of the needs in the practical use of metamaterials has been designing a polarization 

insensitive structure. Here, we propose a 3D metamaterial design which has a polarization-
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independent transmission spectrum [95]. We start from our conventional S-resonator 

design and study its respond to change in polarization of normal incident excitation, Figure 

4.12. 

  

Figure 4.12: (a) Original unit cell design of mirrored S-resonator metamaterials. (b) Transmission spectrum 
for different angles of linearly polarized normal incident wave (propagation in z) for the case where 
g=1.5mm. (c) Extracted refractive index of the normal incident for polarization along y. (images are from 
our published paper [95]) 

 

One can achieve negative effective parameters using a double mirrored S-shaped 

resonator as depicted in Figure 4.12(c), where aluminum is used to make S-features, and 

they are embedded in a dielectric spacer of polyethylene with ɛ=2.25. The S-shaped 

resonator has dimensions of dy=4.18 mm, dz=4.48 mm, g=1.5 mm. The trace width is 0.34 

mm for side arms and 0.64 mm for elsewhere, and it has a thickness of 0.04 mm. The 
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mirrored S-resonator is in the center of the dielectric unit cell with dimensions of 3 mm, 

8.9 mm, and 6.4 mm in x, y, and z directions. The transmission spectrum of the bulk 

metamaterial constructed with this unit cell is shown in Figure 4.12(b); a strong magnetic 

resonance is observed at frequency 5.7 GHz for p-polarization of normal incident excitation 

propagating along the Z direction, and it disappears gradually by changing the polarization 

of the incident beam from P to S polarization. Therefore, the constructed structure is 

birefringent and only exhibits strong left-handed properties for p-polarization of the 

incident wave; consequently, its spectra depends on the polarization of incoming wave. To 

improve the design to achieve polarization insensitivity, we can use crossed pairs of 

mirrored S-resonators to cover both orthogonal polarizations and hence all of their 

superpositions. To do that, we simulated a series of this element with different lateral 

periodicity, Ʌx, using a finite-element solver (Ansys HFSS), and retrieved effective 

parameters by following a commonly used retrieval process [23]. To design a crossed 

structure, an optimum lateral periodicity is found where the bulk medium exhibits 

acceptable negative index in the frequency range of 7.3-8 GHz according to criteria for 

choosing a correct interpretation of extracted effective parameters [23], Figure 4.13. As it 

can be seen in Figure 4.13(b), by increasing lateral periodicity of structure, a blue-shift 

occurs for its strong magnetic resonance which is at 7.3 GHz. 
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Figure 4.13: (a) Optimum design with a lateral periodicity of Ʌx=8.3 mm. (b) Transmission spectrum for a 
different angle of the linearly polarized normal incident wave. (c) Extracted refractive index of the normal 
incident for polarization along y. (images are from our published paper [95]) 

 

Arranging pairs of mirrored S-shaped resonators in crossed arrays with optimal lateral 

periodicity provides a solution to reach polarization insensitivity while maintaining the 

negative refractive index region. As shown in Figure 4.14(a), the cubic unit cell is 

embedded in a dielectric host, and its transmission spectrum is common for any linearly 

polarized normal incident wave, Figure 4.14(b). Also, it represents a negative index region 

in a frequency range which is physically acceptable, Figure 4.14(c). 
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Figure 4.14: (a) Unit cell design of polarization insensitive metamaterial. (b) Transmission spectrum for any 
angle of the linearly polarized normal incident wave. (c) Extracted refractive index of the normal incident for 
any linear polarization; the frequency range of 7.2-8.4 GHz is representing valid index values. (images are 
from our published paper [95]) 

 

Fine tuning of the above cubic design shows a significant effect on the transmission 

spectra as well as the far-field radiation pattern. Here we compare results of two designs of 

cubic S-resonators with the slight difference in geometry of metal strips, Figure 4.15(a). 

One design has connected meander line around the cube, and the other one has gaps 

between the end of S-resonators. The change in the transmission spectra for a slab made of 

these cubs are displayed in Figure 4.15(b). These plots offer to pick frequencies less than 

8 GHz to identify the source design. The method can be used as for various applications 
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such as mechanically tunable filters or sensing applications. An array of a limited number 

of these cubes also can be used for remote sensing. We calculate the far-field radiation 

pattern of 4x4 arrays of the cubes, and results for frequencies less than 9 GHz show 

distinctive patterns for each design which suggest them as potential candidates for passive 

remote sensing.  

 

Figure 4.15: Comparison of two cubic designs. (a) connected S-resonators and disconnected designs. (b) 
Transmission spectra for connected design (left), and disconnected one (right). (c) Far-field radiation patterns 
for 4x4 arrays of cubes, (1) 7.1 GHz, (2) 8.2 GHz, and (3) 10.2 GHz. 
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Rapid prototyping using 3D printing technologies are quickly growing in the recent 

years. This technology offers a robust path to fabricate a lot of sophisticated designs 

including metamaterials, whereas conventional fabrication techniques are time-consuming 

and expensive. Our cubic design has interesting features and properties and can be a 

potential meta-atom for rapid prototyping. Following the interest, we modified the design 

to fit it within the 3D printing margins while still displaying left-handed properties of the 

original layout. The proposed designs consist liquid gallium injected in 3D printed 

dielectric host with a relative permittivity of 2.8 and loss tangent of 0.04. The mirrored S-

resonator has a dimension of 7 × 5.5mm with trace cross section of 1.5 × 1.5mm and 

embodied in the center of the dielectric with a dimension of 11 × 7 × 10.3 mm. The 

scattering parameters and refractive index are shown in Figure 4.16(a). The cubic version 

has S-resonators with a dimension of 20.86 × 8.16 mm with trace cross section of 1.5 × 1.5 

mm, in the center of a 22.86 × 22.86 × 10.16 mm dielectric cube. 

We extract their effective refractive index from calculated S-parameters. These results 

show negative index regions for both designs with low loss. There are also multiple 

resonances in cubic design which offer advantages for various applications.  
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Figure 4.16: (a) mirrored S-resonator unit cell, (b) S-resonator cubic unit cell, (1) 3D printing metamaterials 
design, (2) their scattering parameters, and (3) extracted refractive index.  

 

4.3. Conclusion 

We explored the concept of a meta-substrate as a method for bandwidth engineering of 

metamaterials. The permittivity and permeability bandwidth can be controlled by inserting 

additional independent resonators to the design. We also proposed a design for a 

polarization-insensitive left-handed metamaterial based on conventional mirrored S-

shaped resonators. Numerical simulations have been used to demonstrate polarization 

dependency of structures as well as extracting their effective refractive indices. 

Considering the materials and geometry, we can fabricate bulk metamaterials based on the 

design with 3D printing techniques from where it can find practical applications. 



 
 
 
 
 
 

CHAPTER 5: NEGATIVE INDEX FOR NEAR-FIELD SUPERRESOLUTION 
 

Conventional imaging systems have a resolution limit enforced by diffraction to half 

the wavelength of the light source in the imaging sample medium [96]. Despite this, optical 

microscopes are widely used in biological imaging. Numerous proposed methods are 

emerging to overcome the diffraction limit and to achieve super-resolved images such as 

advanced fluorescence microscopy [97]–[99], and super-oscillatory imaging [100]. 

When an incident wave illuminates the sample, its features with a size greater than the 

diffraction limit scatter the wave into propagating ones in all directions, and a microscope 

can collect them. On the other hand, fine features with sizes less than the diffraction limit 

scatter the wave as evanescent waves that decay exponentially within the scale of the 

wavelength. The information of sub-diffraction spatial features is included in evanescent 

waves (high transverse wavevectors) which conventional methods are unable to capture 

them, and we do not receive their information at the image domain even at the near-field. 

The evanescent waves or high spatial frequencies decay fast because conventional 

materials in nature have both positive permittivity and permeability or at least positive 

values for either of parameters. 

However, if one could use a mechanism to transfer the evanescent waves from the 

object plane to the image plane by increasing their amplitude, diffraction limit could be 
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overcome. To implement such phenomena in a lensing system, it also requires impedance 

matching between all media in which the light or electromagnetic waves are traveling from 

the object to the image, so the reflection off the interface boundaries would be removed or 

minimized. Such a lens is called a perfect lens and has been proposed and studied using 

metamaterials. 

 

5.1. Pendry’s Perfect Lens 

A potential candidate material to build a perfect lens is negative index materials. We 

mentioned in previous chapters that Veselago was the first one who proposed the 

mathematical foundation for materials with negative refractive index [54]. He predicted 

negative refractive index in materials with simultaneously negative ε and μ. Subsequently, 

negative refraction occurs at the interface between positive index medium and negative 

index medium, and the energy and phase of the beam will flow in the opposite direction in 

the negative index medium. Later on, Pendry used the idea of negative refractive index 

metamaterials to propose the perfect lens for super-resolution imaging [101], [102]. 

However, further studies were limited to the theory since there was no material to build a 

perfect lens till Smith demonstrated the first negative index metamaterial using split-ring 

resonators with metallic wires [9], [68]. Following then, other works used SRR structures 

to realize negative refractive index at microwave frequencies [16], [103], [104]. Thanks to 

these improvements in metamaterials, a wider range of applications have emerged using 
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metamaterials including spontaneous emission enhancement [105], transformation optics 

[106], novel waveguides [107], and super-resolution imaging [108]–[110]. 

In his work, Pendry suggested that a negative index slab with ε = μ = − 1 in the air acts 

as a perfect lens. This lens of negative index material can amplify and transfer decaying 

high spatial frequencies from the object plane to the image plane, and therefore we can 

reach resolutions better than ones restricted by the diffraction limit. According to the 

theory, the lens slab has a perfectly uniform refractive index of -1, but in practice, it is not 

feasible to make such a perfect lens, and the question would be how much resolution we 

can achieve using the partially “perfect lens.” Another characteristic of a perfect lens is the 

relation between the slab thickness and the distance between the object plane and the front 

face of the slab as well as the distance between the image plane and the exit face the slab. 

Assuming the lens slab has a thickness of d, the entire object, and image distance from the 

lens should be the same as slab thickness. Figure 5.1 illustrates this concept in a perfect 

lens where x is the object plane distance from the slab surface in object domain and d-x is 

the image plane distance from the slab surface in the image domain. To meet the 

requirement mentioned before, x+(d-x) should be equal to d. 



112 
 

 

Figure 5.1: Schematic of a slab of a perfect lens. 
 

To achieve a super-resolved image, the object must be located in the near field of the 

negative index material so the exponentially decaying evanescent waves which are carrying 

high spatial frequencies can couple through the negative index medium, and their 

amplitude becomes resonantly enhanced, Figure 5.2. It should be mentioned that this field 

enhancement could take a relatively long time when we are seeking higher resolutions 

[111]. A negative index metamaterial has a narrow bandwidth and is lossy which will 

truncate the transfer function of a metamaterial lens, and even a small amount of loss can 

decrease the amount of captured evanescent waves and eventually degrades the quality of 

the image [112]–[117]. However, an image with a resolution of around λ/5 would be useful 

in many applications such as in biological imaging. In general, a metamaterial couples high 

spatial frequencies information from the object domain to the image domain, and these 

high spatial frequencies contain information of the object in subwavelength scales [118].  
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Figure 5.2: Fields of high spatial frequencies decay exponentially in object domain and resonantly enhanced 
in lens medium and can be transferred into image domain to construct the image. 

 

The responsible phenomenon for this amplification of evanescent waves is surface 

resonances [101], [119]–[122]. Surface plasmons, oscillation of electron density, are 

generated when the incident waves enter an interface between media with opposite sign of 

permittivity. Now if wavevectors of evanescent waves and surface plasmons are matched, 

there will be resonances on the surface propagating along the interface while their 

amplitude decays exponentially. These surface waves, also called surface plasmon 

polaritons (SPPs), have shorter wavelengths than the incident wave and confine their 

energy to a subwavelength scale which can significantly enhance the localized field 

intensity. Now if the perfect lens slab is thin enough, these surface resonances couple from 

the front interface to the exit interface of the slab; then in the process, the evanescent wave 

are amplified, and they enter to the image domain. 
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We perform a simulation to represent this concept. A 2D negative index slab, 4x6 μm, 

is designed in Lumerical using Lorentz model, so it has a refractive index of -1 and a loss 

of 3.3e-5 at the wavelength of 512 nm, Figure 5.3(a). A point source, magnetic dipole, 

generating signals at 512 nm is placed in front of the slab at 2 μm from the front face of 

the slab.  

 

Figure 5.3: Surface resonances in a perfect lens. (a) Simulation setup of a perfect lens and point source as the 
object enclosed in PML boundary conditions; (b) Field magnitude distribution and existence of surface 
waves; (c) Field intensity plots along propagating direction at different locations, from left to right: in the 
point source plane, on the front face, in the middle, and on the exit face of the slab as well as in the image 
plane. 
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The field magnitude distribution is shown in Figure 5.3(b), where an image is 

constructed at the distance of 2 μm from the exit face of the slab. Here, we clearly notice 

the presence of the surface waves and their coupling to the exit face of the slab. In addition, 

the field magnitude is plotted at multiple locations in the simulation setup including the 

field at the source point plane, on the front face of the slab, in the middle of the slab, on 

the exit face of the slab, and at the image plane, Figure 5.3(b), the surface waves are 

observed in these plots at the front and exit face of the slab. The larger image spot compared 

to the point source is due to multiple reasons; one is that the source is not practically a 

single frequency source but rather a very narrow bandwidth wave source, and also the 

negative index slab is dispersive, so there is a chromatic aberration. Another similar reason 

is that different high spatial frequencies of evanescent waves originated from a single 

frequency are focused at multiple locations since the slab is dispersive. 

We run some more simulations using this homogenous negative index slab setup to 

inspect surface waves. We change the setup dimension by increasing the slab height to 18 

μm with a thickness of 2 μm, while the point source is at 0.5 μm distance from the front 

face of the slab. Figure 5.4(top) displays the field distribution for this case. We can observe 

the high concentration surface waves on the front interface, and how the evanescent waves 

have been amplified and coupled to the back interface. Reducing the slab thickness has a 

significant effect on improving surface waves and their couplings between interfaces, 

Figure 5.4(bottom). Here, the slab thickness is 0.5 μm, and the point source is moved to 

0.25 μm of the front face.  
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Figure 5.4: Field magnitude distribution of a point source in front of a negative index lens. 
 

5.2. Debates on Pendry’s Perfect Lens and Alternatives 

There are ongoing discussions on whether the phenomenon of perfect lensing is 

possible in theory [123]–[126]. The arguments are on the possibility of achieving such 

super resolutions with the presence of loss in the slab as well as the fundamental restrictions 
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caused by causality which prevent to achieve a perfect lens from super-resolution imaging 

[127], [128]. In reality, there are many complexities in fabricating a super resolution 

imaging system using a negative index slab. One of the major obstacles is that building a 

low loss metamaterial to transfer evanescent waves into the image domain is very 

challenging. These issues have been addressed thoroughly in [129], where the sensitivity 

of image resolution comes from the granularity of the meta-atoms, the finite dimensions of 

structures, and optical isotropy of the array. When working with finite sized structures, the 

arrangement of the meta-atoms, their mutual couplings, and scattering between them can 

make designing an effective homogenized refractive index close to the desired value of n 

= -1 very difficult [43], [130]. Therefore the image quality would not be sufficient enough, 

but still by having transfer matrix of the metamaterial lens, one can use computational 

image reconstruction to have a better image quality [131]. It also has been shown that using 

only random medium instead of a lens can improve image resolution through the scattering 

process [132]. Another significant problem arising in the near field is the evanescent waves 

couplings between the object, metamaterial lens, and the detector which degrade the image 

quality [133]. Likewise, the periodicity of meta-atoms and lens surface roughness will also 

contribute to the generation and scattering of evanescent waves [134]. 

Engineering evanescent waves and transferring them to the near-field is still a 

significant challenge at visible frequencies due to difficulties in nanofabrication 

technologies as well as limitations in properties of available optical materials. Researchers 

are working to find alternative materials with desired properties such as low loss at visible 
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frequencies, implementing smarter designs, and improving fabrication techniques to 

achieve a better super-resolved image at optical frequencies using metamaterials. 

Beyond Pendry’s perfect lens, in recent years there have been other approaches to 

achieving a perfect lens. One method uses a pair of phase-conjugating interfaces to produce 

the boundary conditions of a negative index slab [135]–[138], this approach requires the 

existence of nonlinearity in the system to generate negative refraction [139], [140]. Another 

technique is based on parity-time symmetry; here a pair of metasurfaces are used to obtain 

super-resolution imaging while the gain is introduced in the metasurfaces to avoid the 

nonlinearity requirement [141], [142]. A more recent work introduces a double-interface 

lens composed of a dielectric and a passive lossy metamaterial to obtain super-resolution 

imaging [143]. 

 

5.2.1. Super Lens 

Although an ideal perfect lens requires both ε = μ = −1, under certain conditions a 

super-resolution lens can be realized with either only ε = −1 or μ = −1. This quasi-perfect 

lens is called a superlens. The reason that super lens works is that at the near-field when 

scales are in the subwavelength region, the electric and magnetic fields are decoupled and 

evolve independently. Therefore, a specific polarization from the object domain can be 

transferred and super-resolved in the image domain with either negative permittivity or 

permeability for the perfect lens slab. Because metals have negative permittivity at 

frequencies less than their natural plasma frequency, researchers used very thin silver films 
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at the UV frequencies to achieve super-resolution imaging [144]. However, yet the 

relatively high loss in metals at visible frequencies substantially degrades the quality of the 

image. There are multiple approaches to managing this problem such as methods to reduce 

losses in metals [145][146], using alternative materials instead of metals such a graphene 

or semiconductors [147]–[150], or introducing gain in the lens to compensate for losses 

[151]. Another issue in obtaining super-resolved images in near-field super lensing is the 

slight gap between the superlens and the image plane due to practical difficulties in 

retrieving the image at such short distances. A solution to this is converting the evanescent 

waves into propagating ones at the exit face of the superlens using techniques such a 

patterned grating on the superlens surface [152][153][154].  

 

5.2.2. Hyperlens 

Hyperlens as a highly anisotropic structure with hyperbolic dispersion is another tool 

to reach sub-diffraction imaging. Hyperbolic metamaterials or anisotropic meta-atoms can 

be used to make a hyperlens. In a hyperlens, incoming waves encounter permittivity (or 

permeability) with opposite signs depending on the propagation direction. In other words, 

the permittivity along the perpendicular and parallel direction on the anisotropic axis has 

opposite sign. A structure with such an anisotropic permittivity tensor behaves like a 

dielectric in one direction (positive permittivity), and metal in the other direction (negative 

permittivity). 
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Hyperbolic metamaterials have a hyperbolic dispersion [155], [156]. This characteristic 

of them allows distinctive applications such as enhancement of spontaneous emission 

[157], [158], high photonics density of states [105], thermal engineering [159], [160], and 

of course super-resolution imaging [161]. 

Hyperlens was first theoretically analyzed in 2006 [162]–[164], where multilayer stacks 

of dielectric and metal are designed in a cylindrical shape, so the evanescent waves in the 

near field are collected in the object domain and transferred into propagating wave toward 

the far-field in the image domain. Following the theory proposal of hyperlens, their 

experimental realizations were shown in different frequency ranges such as the UV [165], 

[166], visible [167], [168], or microwave [169]. 

 

5.3. Evanescent Waves in Negative Index Materials 

In this section, we explain the evolution of evanescent waves in a negative index 

material in more detail. We assume that the interface between air (z < 0) and the negative 

index slab (z > 0) is parallel to the x-axis, and the XZ plane is the principal plane containing 

the propagation vector k=(kx,kz) and the normal to the interface. When kx<|k|, kz is a real 

number, and the plane waves of exp[i(kxx+kzz-ωt)] are propagating waves. When kx>|k|, kz 

is an imaginary number, and the plane waves of exp[i(kxx+kzz-ωt)] are evanescent waves. 

To proceed, we can limit our argument to only S-polarized incident waves since the 

treatment of P-polarization is similar and its conclusion is identical. Using the same 
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notation for electric fields as in [101], it leads to the electromagnetic field boundary 

conditions, 

1 + 𝜋𝜋 = 𝜕𝜕 

−𝜀𝜀𝑘𝑘𝑡𝑡 + 𝜀𝜀𝑘𝑘𝑡𝑡𝜋𝜋 = −𝑘𝑘𝑡𝑡′ 𝜕𝜕 
(5.1) 

where 𝜋𝜋 and 𝜕𝜕 are field reflection and transmission coefficients. From above equations we 

can conclude that, 

𝜕𝜕 =
2𝜀𝜀𝑘𝑘𝑡𝑡

𝜀𝜀𝑘𝑘𝑡𝑡 + 𝑘𝑘𝑡𝑡′
 

𝜋𝜋 =
𝜀𝜀𝑘𝑘𝑡𝑡 − 𝑘𝑘𝑡𝑡′

𝜀𝜀𝑘𝑘𝑡𝑡 + 𝑘𝑘𝑡𝑡′
 

(5.2) 

For an ideal metamaterial slab of n=-1, with ɛ=µ=-1, 𝑘𝑘𝑡𝑡=𝑘𝑘𝑡𝑡′ , Equation (5.1) leads to, 

1 + 𝜋𝜋 = 𝜕𝜕 

1 − 𝜋𝜋 = −𝜕𝜕 
(5.3) 

which appears self-contradictory and leads to infinite transmission and reflection 

coefficients in Equation (5.2). Pendry resolved this singularity by finding a sum to the 

diverging infinite series. The results describe that the transmission of evanescent waves 

through the perfect lens is amplified with the gain exp(|kz|d), where d is the slab thickness. 

However, assuming that the negative index material is necessarily dispersive and lossy, 

𝜀𝜀" ≠ 0 and/or 𝜀𝜀" ≠ 0, we can conclude that, 

𝑘𝑘𝑡𝑡′
2 = �𝜀𝜀′ + 𝑖𝑖𝜀𝜀"��𝜀𝜀′ + 𝑖𝑖𝜀𝜀"� �

𝜔𝜔
𝑐𝑐
�
2
− 𝑘𝑘𝑥𝑥2 (5.4) 
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where 𝜀𝜀′ and 𝜀𝜀"are real and imaginary parts of 𝜀𝜀, and 𝜀𝜀′and 𝜀𝜀"are real and imaginary parts 

of 𝜀𝜀. Since 𝑘𝑘𝑡𝑡′  is now different from 𝑘𝑘𝑡𝑡, the singularity in the transmission and reflection 

coefficients is removed. In addition, to satisfy causality, the imaginary part of 𝑘𝑘𝑡𝑡′  is positive. 

Therefore, 

Re(𝑘𝑘𝑡𝑡′ )Im(𝑘𝑘𝑡𝑡′ ) =
�𝜀𝜀′𝜀𝜀" + 𝜀𝜀"𝜀𝜀′�

2
�
𝜔𝜔
𝑐𝑐
�
2
 (5.5) 

When the imaginary parts of 𝜀𝜀 and 𝜀𝜀 are not simultaneously zero, then both real and 

imaginary parts of 𝑘𝑘𝑡𝑡′  are non-zero and, the evanescent waves in air are transformed into 

decaying propagating waves with the propagation direction given by 

𝜃𝜃 = tan−1 �
𝑘𝑘𝑥𝑥

Re(𝑘𝑘𝑡𝑡′ )� (5.6) 

where 𝜃𝜃 is the angle between he propagation direction and the normal to the interface. As 

a result, evanescent waves with different spatial frequencies 𝑘𝑘𝑥𝑥 will have different 

propagation direction in the negative index medium. But sill we have to keep in mind that 

if the thickness of the metamaterial slab is in the order of several wavelengths, then these 

decaying propagating waves in the metamaterial will still be lost. 

In the case of our S-resonator structures, we study how evanescent waves transfer 

through. A finite size bulk metamaterial composed of two successive rows of S-resonators 

in the propagation direction and 15 of them in the transverse direction is excited by an 

incident purely evanescent wave with E0 field along the z-direction. Figure 5.5 shows the 

E-Field magnitude plots for different frequencies. As it can be seen in the frequencies in 
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which a negative index for the metamaterial was calculated, evanescent waves excite the 

S-resonators, and they have been converted to propagating waves via resonances and 

mutual couplings inside the bulk metamaterial. For frequencies which refractive index is 

closer to -1, there are stronger interactions between evanescent waves and S-resonators. 

Simulations suggest that the mechanism of converting the evanescent waves into 

propagation ones is similar to the antenna mechanism. 

 

Figure 5.5: Side view from middle of the S-resonators slab while an incident evanescent wave illuminated 
the structure; a) 7.6 GHz, b) 8.4 GHz, c) 9 GHz, d) 9.6 GHz 
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5.4. Compressive sampling 

Since it is very challenging to analytically describe a finite size metamaterial slab and 

its imaging properties; therefore, we have studied numerically and experimentally the 

fields obtained in the image domain from a series of slits in a metal mask, positioned close 

to the surface of a negative-index metamaterial composed of subwavelength S-resonators. 

We employed only two columns of S-elements in the propagation direction to minimize 

the loss effect in the structure, and also 15 rows in the transverse directions. Figure 5.6 

illustrates the metamaterial lens and the aluminum double-slits mask which is the object 

used to simulate the system. In experiments and simulations, we inserted FR4 dielectric 

sheets between S-resonators sheets, so we expect the negative index n=-1 to be around 7.3 

GHz as previous calculations suggest. Also, the mask is thin enough compared to the 

incident wavelength that we can consider the mask as a 2D object, and therefore we do not 

need to concern the effect of object size along the propagation direction. The whole system 

is enclosed in an air box which the perfect boundary condition applies to its sides, so then 

all incoming electromagnetic waves would be absorbed on air box sides and make the lens 

and the metal mask as a stand-alone system. A plane wave with wave vector along +x-

direction (green axes) and has E0 field along z-direction is used to excite the system. Also, 

the size of air box has been chosen in a way to satisfy HFSS requirement for an accurate 

simulation. 
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Figure 5.6: Metamaterial lens slab and the double-slit metal mask enclosed by an air region box. 
 

On the left of Figure 5.7, it shows a simulation of the scattered field, and on the right, 

there is a plot of a measured field amplitude in the image plane if n = -1. Because the image 

has been influenced by finite-size consequences of lens slab, one might use computational 

image processing as a necessary tool to determine the structure of the mask by addressing 

the associated inverse scattering problem [170]. Because of fabrication and positional 

tolerances, and also the fact that the S-resonators are only approximately λ/5 in size, we 

cannot expect a better than λ/5 resolution even assuming no losses in metamaterial 

structure. From experiments, the evanescent wave transfer appears to lead to features in the 

measured image down to this resolution and possibly smaller, but the metamaterial loss has 

modified the phase (as well as the amplitude) of these higher spatial frequencies. 
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Figure 5.7: Simulation of incident wave onto a double-slit mask and metamaterial lens where incident wave 
is from right (left) and measured field on the image plane (right) 

  

5.5. Conclusion 

We studied the transfer of evanescent waves through mirrored S-resonators 

metamaterial. Although in simulations and experiments there is some evidence of 

subwavelength imaging up to λ/5, we cannot expect better resolution due to the size of 

meta-atoms and the existence of losses which significantly degrades the quality of images. 

To overcome this obstacle, one can use image processing tools such a compressive 

sampling to obtain the super-resolved image. 



 
 
 
 
 
 

CHAPTER 6: RECIPROCITY SENSING AND IMAGING 
 

Retrieving an image from scattered fields is a complex and nonlinear process, and 

scattering approximation techniques can be used to simplify it such as Born or Rytov 

approximations. Type of illumination and the number of scattered fields measurement 

control the quality of the reconstructed image. Even in this case, the resolution is limited 

to about λ/2 where λ is the wavelength of the illumination source. However, through 

multiple scattering phenomena, one can achieve better resolutions [171]. On the other hand, 

increasing number of measurements by a finite amount results in an infinite uncertainty in 

the image reconstruction, and to avoid the ambiguity; different inverse scattering 

algorithms have been proposed to choose the optimal image according to embedded 

criteria. These methods use prior information about the scattering object to modify degrees 

of freedom in the system to enhance the quality of the output where a significant amount 

of effort has been delivered toward super-resolution over the last half century [172]. The 

proposed approaches are for achieving super-resolution information in the near field, but 

it would be more practical to drive it with far-field data. 

The trade-off mechanism in the inverse scattering algorithms is between the calculated 

number of degrees of freedom in the scattering experiment [173] and the ultimate 

resolution [174]. The trade-off mechanism in the inverse scattering algorithms is between 
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the calculated number of degrees of freedom in the scattering experiment and the ultimate 

resolution. These constraints, in a similar fashion, are essential in the design of 

metamaterials with subwavelength structures, and when these subwavelength features are 

in the scattering medium, one can calculate effective material properties and then far-field 

scattering patterns. Following this idea, there is a connection between super-resolution 

using time reversal and negative index metamaterials [137]. We further extend this 

argument to incorporate generalized reciprocity principles to design complementary 

scattering metamaterial structures that might allow super-resolution through direct far-field 

information without field computing techniques such as time reversal. 

Fink et al. performed one of the promising experiments using time reversal, obtaining 

a super-resolution of λ/30 for two sources of λ which were separated by λ/30 and 

surrounded by a subwavelength strongly scattering structure [175]. In their setup, the 

propagating scattered field was detected in the far-field using an array of antennas. Then a 

time reversal procedure was performed on collected signals, and the result was emitted 

back through the antennas toward the sources embedded in the strong scattering medium 

composed of subwavelength wires. High spatial frequencies or evanescent waves were 

recreated in this event within the subwavelength-wire structure ultimately confining the 

returning waves to their origin sources. Inspired by this experiment, we considered a 

similar setup with removing the need for time reversal computing process which includes 

detection of the signal and rebroadcasting after time reversal. A subwavelength 

metamaterial structure serving as a strong scattering medium would convert evanescent 
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waves into propagating ones and encode high spatial frequency information in far-field 

waves. With having the design of the metamaterial encoder, one would be able to design a 

complementary structure to decode the propagating waves in the far-field. We study the 

necessary properties of such structure to achieve this direct method for image 

reconstruction. Assuming to conduct the experiment in free space, we need a metamaterial 

structure with an effective index close to unity, positive and negative, to avoid Fresnel 

reflections which disturb the multiple scatterings essential for evanescent modes 

conversion. The role of losses would be significant. Therefore there needs to be a 

distinction between reciprocity, time reversal and phase conjugation with and without 

losses. We will emphasize on this concern in the next section. 

 

6.1. Reciprocity in Electromagnetism 

In the propagation of waves, reciprocity means the symmetry of the propagation under 

the interchange of the observer and the source [176]. To expand this definition, assume a 

time-invariant and linear electromagnetic system with a source at S and a detector at P 

where EM field is measured. According to reciprocity, by switching the location of the 

source and the detector, the received electromagnetic field at S should be closely related to 

the previous measurement at P. We have studied applications of the generalized reciprocity 

theorem to design complementary metamaterial structures with strong scattering. To 

realize reciprocity, the dielectric tensors of the structure have to satisfy certain symmetry 

conditions. When only lossless media is involved, time reversal and reciprocity are 
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equivalent, and they are related to CPT symmetry and the Lorentz invariance of EM fields, 

[177], [178]. According to Lorentz’s theorem, we can drive reciprocity relations in a 

medium with complex dielectric tensors, i.e. with the presence of loss. Therefore, time 

reversal process would be realized. On the other hand, S-matrix techniques demonstrate 

reciprocity with or without evanescent modes, and this is equivalent to the case of time 

reversal when there is no loss, [179], [180]. Hence, reciprocity in the presence of losses is 

possible, but it would not be invariant under time reversal. 

In magneto-optic materials with the loss, the constitutive tensors are not symmetric or 

Hermitian. However, we can still realize Lorentz reciprocity by having (J1, E1) and (J2, E2) 

in separate systems whenever (J1, E1) holds Maxwell’s equations at ω with material tensors 

of ε1 and μ1, and (J2, E2) satisfies the EM equations at ω with material tensors of ε1
T and 

μ1
T, where T represents transpose [181]. As it was mentioned before, there is a close 

connection between the negative index and time reversal [137], and this link has been 

demonstrated experimentally by Katko’s group [182]. Superresolution imaging with a 

negative index lens can be described with multiple scattering of a phase conjugate wave 

including time reversal [183]. By introducing gain in this system to compensate for losses, 

all evanescent and propagating waves remain unchanged under reciprocity. However, in 

practice, sufficient gain is hard to hold to obtain the reflectivity of unity. Also, fabrication 

of a metamaterial with a negative index of -1 is tedious.  

In the following sections, we introduce some metamaterial designs to generate scattered 

propagating fields which are phase conjugates of each other and link them to reciprocal 
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scattering and time reversal. Moreover, their applications for remote imaging are 

investigated. 

 

6.2. Metamaterial Encoder & Decoder 

The creation of evanescent waves, high spatial frequencies, due to multiple scattering 

and their effects on far-field radiation has been studied for some time [184], and been 

considered as a means for obtaining high-resolution images assuming a reliable inverse 

scattering algorithm can be applied. To involve properties of metamaterials in such 

scattering systems for super-resolution, we relate to the link between negative index 

metamaterials and phase conjugation which was proposed by Pendry [137]. As we stated 

before, phase conjugate is equivalent to time reversal in the general condition, and from 

this concept, multiple high-resolution experiments were conducted based on measuring far-

field information following time reversal of signal and sending them back to the source 

they were emitted [175]. 

According to our approach, a carefully designed metamaterial can act as a strong 

scattering medium to convert high spatial information within evanescent waves into 

propagating ones which will be measured at far-field. Then this metamaterial serves as an 

encoder. In the measurement site, a complementary structure of the first metamaterial 

serves as a decoder which converts the waves into near-field information. In this case, there 

is no requirement in the intermediate detection of the field and numerically calculating its 

time reversal. The complementary structure remotely delivers reconstruction of scattered 
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waves to recover high-resolution data. A generalized reciprocity theorem is used to design 

the complementary metamaterial structures [185]. To realize reciprocity, the dielectric 

tensors of structures must satisfy certain symmetry including the presence of negative 

values for permittivity and permeability, and this explains our interests in negative index 

metamaterials for this purpose. 

Our previously designed S-resonators structure is a potential candidate metamaterial 

for this task. It contains discrete subwavelength structures which are strongly scattering 

due to their resonant properties. These tiny antennas have close electrical and magnetic 

resonant frequencies giving an effective negative index at a specified frequency. The 

retrieved effective refractive index of this structure shows an index of n=-1 at about 7.5 

GHz, Figure 2.8. The S-elements couple to the incident near field and scatter them strongly 

resulting in the generation of evanescent waves and consequently conversion of them into 

propagating waves. The possibility of generated evanescent waves with highest spatial 

frequencies depends on inherent losses of resonant behavior in the metamaterial which 

ultimately determines the possible high-resolution to achieve. 

The general scattering theory can describe the process of this complex scattering as 

shown in Equation (6.1), 

𝛹𝛹𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑒𝑒𝑑𝑑 𝑒𝑒𝑖𝑖𝑒𝑒𝑓𝑓𝑑𝑑 = 𝑘𝑘2 �𝑉𝑉(�́�𝒓)𝑒𝑒−𝑖𝑖𝑘𝑘𝒓𝒓.��́�𝒓𝛹𝛹(�́�𝒓,𝒓𝒓�𝑖𝑖𝑛𝑛𝑐𝑐)𝑑𝑑�́�𝒓
 

𝐷𝐷

= 𝛹𝛹𝑤𝑤𝑒𝑒𝑎𝑎𝑘𝑘 𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑖𝑖𝑛𝑛𝑔𝑔 + 𝛹𝛹𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛 + 𝛹𝛹𝑑𝑑𝑖𝑖𝑠𝑠𝑚𝑚𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑑𝑑𝑛𝑛+𝑑𝑑𝑖𝑖𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛 

(6.1) 
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the scattered waves in far-field, 𝛹𝛹𝑠𝑠𝑐𝑐𝑎𝑎𝜕𝜕𝜕𝜕𝑒𝑒𝑟𝑟𝑒𝑒𝑑𝑑 𝑒𝑒𝑖𝑖𝑒𝑒𝑓𝑓𝑑𝑑, respresented as an integral of the scattering 

function expressed in the far field as the integral of the scattering function, 𝑉𝑉(𝒓𝒓), over the 

total field in the medium volume. The general description on scatetring icludes separte 

componens which each are relavant to distinct scattering phenomena. Each single meta-

atom contributes to scattering of the incident field with different output due to fabrication 

tolerance. This is shown as the weak scattering term. Then a portion of scattering arises 

from the effective proprties of the structure leading to negative index refraction in this case. 

The last rem corresponds to dispersion and diffraction phenomena caused by periodicity in 

the strucutre when the periodicity is in the order of incident wavelength, Λ ~ λ. Even though 

subwalength meta-atoms and their priodicity implies a Λ < λ, still there can be significant 

scattering arising from the priodicity in the medium. This is because diffraction is strong 

when 1/k = λeff/2π which this condition can be determined by plotting the dispersion 

diagram (ω vs. k) to find any band area [44]. 

Although negative index metamaterial is promising in achieving super-resolution from 

far-field information, realizing such structure with negative constitutive parameters needs 

a high resonant energy storage which takes a significant amount of time to build up and is 

very sensitive to losses in the structure [186]. However, they present a reconstruction of 

scattered fields through phase conjugation and without physical or numerical time reversal 

process only by the right design of structure compared to holographic or nonlinear 

processes to achieve phase conjugation [187]. Metamaterial designs which generate 
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scattered fields, phase conjugates of each other, are intimately associated with Babinet’s 

principle where a 2D diffracting surface and its complement design produce scattering 

radiation patterns which by summing together yield the original incident beam, in other 

words, the radiation patterns from each surface scatterer have the same magnitude but 

opposite in phase [53], [188], [189]. 

 

6.3. Numerical Simulation of Reciprocity 

Figure 6.1(a) illustrates the concept of reciprocity with a metamaterial and its 

complementary design. The metamaterial structure M converts high-resolution field a to 

b, and the reverse happens when b propagates through and is scattered by MC, as a 

complementary metamaterial, to reproduce a. A simulation of the ideal condition regarding 

field patterns is shown in Figure 6.1(b). 

 

Figure 6.1: a) Encoder medium M and decoder medium Mc. b) Propagation through n = -1 and then n = +1 
S-element metamaterials. 
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There is a challenge to choose a metamaterial design that converts the highest spatial 

frequencies into propagating waves. However, if the complementary structure has the 

negative index of the original index with the same thickness along propagation direction, 

then the pair together form an effective “negative space” which means the combination of 

the metamaterial and its complementary design, if perfect in their properties, would 

produce a wavefront identical to the original incident field [137]. 

To find the proper metamaterial design, we need a structure which its small-scale 

scattering terms, 𝛹𝛹𝑤𝑤𝑒𝑒𝑎𝑎𝑘𝑘 𝑠𝑠𝑐𝑐𝜕𝜕𝑒𝑒𝑒𝑒𝑟𝑟𝑖𝑖𝑛𝑛𝑔𝑔 + 𝛹𝛹𝑑𝑑𝑖𝑖𝑠𝑠𝑚𝑚𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑑𝑑𝑛𝑛+𝑑𝑑𝑖𝑖𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛, are similar to the complementary 

design, but they exhibit different refraction, 𝛹𝛹𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑎𝑎𝑐𝑐𝜕𝜕𝑖𝑖𝑑𝑑𝑛𝑛. For this purpose, tuning the 

freuqency at which the metamaterial has a negative/positive refractive index is essential. 

In the S-resonators design, we can tune this frequency by changing the permittivity of the 

substrate while the physical size of the S-elements are unchanged. A demonstration of this 

idea is shown in Figure 2.16. A problem of this technique is the change in the effective 

wavelength, λeff, when the permittivyt of the substrate is altered. This prevents to achieve 

a perfect reciprocity, but perhaps the margine would be close enough to extract useful high-

resolution infromation. 

A simulation was conducted with a pair of adjacent perfect metamaterial slabs, and 

results are illustrated in Figure 6.2, on the left. The slabs are homogenized mediums with 

indices of n = +1 (top slab) and n = -1 (bottom slab), and with the same thickness to 

demonstrate a negative space in free space. We notice that the emerging field at the lower 
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face of the bottom slab is identical to the field entering at the front face which is an 

indication of negative space. The similar simulation setup was performed with S-resonators 

which is shown in Figure 6.2, on the right. This illustrates the approximation of the perfect 

negative space using finite-sized S-resonators. Although there is no phase change seen, the 

same behavior is observed qualitatively.  

 

Figure 6.2: A comparison of the negative space with substrate materials alone (left) and S-resonators slabs 
(right) in front of a point source. The substrate slabs on the left have indices of n=+1 (top slab) and n=-1 
(bottom slab). The same configuration for effective indices is applied for the S-resonator slabs. The similarity 
between wavefronts at front and exit face are clear. Also, the image of the point source is formed on the right 
with S-resonator slabs. 

 

In Figure 6.3, an attempt is made to investigate the effect of negative space while its 

consisting slabs are moved apart. On the left, a combination of two slabs with n=-1 and 

n=+1 stacked above each other are set in front of a point source, and on the right, the same 

slabs are separated by multiple wavelengths. The fields at the bottom of the figures in the 

image site are identical. This similarity between exit wavefronts demonstrates that negative 

space is maintained despite the separation of metamaterial slabs. 



137 
 

 

Figure 6.3: The positive and negative effective index metamaterial slabs are moved apart on the right to show 
that an image of the original point source still forms at the bottom of the figure. 

 

As discussed before, we can use Babinet’s principle is the design of a 2D metasurface 

and its complementary design to produce phase conjugates of scattered fields and drive 

time reversal and reciprocity imaging from the effect. In Figure 6.4, this idea is evaluated 

using a metasurface composed of a double concentric rings metasurface and its 

complementary surface according to Babinet’s principle to produce scattering radiation 

patterns from each surface with the same magnitude, and the measured phase of these 

metasurfaces are opposite in sign. 
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Figure 6.4: Double concentric rings metasurface unit cells and their corresponding phase diagram. The unit 
cells have dimensions of 15mm by 15mm where the inner ring and outer ring radii are 4.25mm and 5.25mm 
respectively with a trace width of 0.4mm. (a) Metasurface, (b) Complementary-Metasurface. 

 

6.4. Conclusion 

We investigated the possibility of integrating a complex metamaterial design in a 

scattering system as encoder and decoder of fields to achieve high-resolution data of 

scattering objects. The metamaterial structure would convert high spatial frequencies, 

evanescent waves, from scattering site to propagating wave toward far-field. This 

metamaterial would be the encoder component. A complementary design of the 

metamaterial could be used to recover the subwavelength resolution information at a 
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remote location. For this purpose, we considered two metamaterial slabs which strongly 

interact with free space radiation. The effective refractive indices of slabs were n = +1 and 

n = -1 where the negative index slab operates as a time reversal or phase conjugation of 

incident fields. This performance is closely limited to the losses in the structure. The 

reciprocity that is responsible for the reconstruction of scattered object arises from the 

encoding and decoding of high spatial information through metamaterial structures. There 

is a need to understand the mechanism in which scattered field data is transferred over long 

distances while maintaining the option to recover evanescent waves and therefore high-

resolution information. Also, the finite size limitation in the transverse direction in the 

metamaterial slabs might significantly restrain the conversion of evanescent waves to 

propagating ones. One possible solution could be to design a graded index metamaterial 

slab which has a unity refractive index at the scattering object but then the index changes 

to zero adiabatically to increase the efficiency of transferring the waves from encoder to 

decoder.  

 

 



 
 
 
 
 
 

CHAPTER 7: APPLICATION OF METAMATERIALS TO SENSING 
 

In recent years, metamaterials have found applications in sensing technologies, and 

they are offering unique opportunities for creating a new generation of sensors. 

Metamaterials are very sensitive to any change in their design and environment which leads 

to an ability to use them as high Q-sensors [190], [191]. 

Recently, metamaterials have also been the center of attention in biosensing 

applications in microwave, terahertz, and optical frequency. For instance, metamaterials 

are used as cost-efficient detection of label-free bio-agents; an electrically small SRR-

based biosensor was proposed to detect binding of certain biomolecules at microwave 

frequencies [192]. In optical frequencies, the surface plasmons are extremely sensitive to 

the refractive index of the medium which the evanescent field penetrates to. This sensitivity 

to small changes in refractive index has been used significantly in biosensors. Because of 

the strong resonances in plasmonic structures and coupling between photons and surface 

plasmon polaritons, a detection limit of beyond 10-5 refractive index units (RIU) has been 

reported [193]. 

Another area that metamaterials have found applications is thin-film sensing. The 

interaction between EM fields and unidentified thin-film can offer key information and 

applications in chemistry and biology [194], [195]. Since frequency selective surfaces 
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(FSSs) can be designed to be small and their resonant frequency is tunable by modifying 

their design, they can be a potential tool for detection of highly sensitive chemical or 

biological thin films [196].  Thin-film sensors have to exhibit a sharp shift in their 

frequency response to detecting small amounts of sample substances. Also, to enhance the 

sensitivity of the sensor, the electric field should be confined in the sensing area that the 

sample is deposited. A tip-shaped SRR metamaterial was introduced to decrease the device 

size and its resonance frequency while improving the Q-factor of the sensor [197]. This 

design has shown sharper resonance dip in their transmission spectra delivering a 

sensitivity level of 16.2 MHz/μm with a nonlinear error less than 2 μm. 

Metamaterials can be implemented to measure strain and temperature remotely in real 

time. Compared with traditional RF strain and temperature sensors, metamaterials offer 

some advantages including higher Q-factors, and sharper and deeper resonance dip in their 

spectra which lead to higher sensitivity and better sensor response linearity [198]–[201]. A 

double negative (DNG) metamaterial sensor was proposed at microwave frequencies with 

higher sensitivity over conventional RF sensors [202]. Moreover, sophisticated designs are 

emerging as multichannel sensors in metamaterials, such as a flexible metamaterial based 

device was reported to have applications in strain, chemical and biological sensing in the 

near-IR regime [203].  
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7.1. S-resonators as Frequency Based Sensors 

For S-resonators, we have shown that by changing the refractive index of its substrate, 

the shift in main resonant frequencies are all following a linear trend which suggests the 

design can be implemented as a potential sensing tool for various applications, Figure 7.1. 

 

 

Figure 7.1: Simulation results (Lumerical FDTD) for observing a shift in resonant frequencies by changing 
the refractive index of S-resonator substrate. 

 

To obtain above result, we conducted a series of simulations with S-resonators in the 

time domain using Lumerical FDTD, Figure 7.2. Referring to these figures, an infinitely 

extended mirrored S-resonator slab was designed using periodic boundary conditions and 

immersed in a dielectric substrate. A pulsed wave used as excitation incident wave to obtain 



143 
 

transmission spectra of the metamaterial slab. The properties of this pulse with a 0.3ns time 

bandwidth is shown in Figure 7.2, which is a broadband frequency signal of about 18.63 

GHz bandwidth with central frequency at 9.32 GHz. Frequency power point monitor was 

used to obtain calculated transmitted spectra at spatial locations after the slab.  

 

Figure 7.2: Simulation setup for an infinitely extended mirrored S-resonators (left); and the excitation time 
signal properties (right). 

 

A sample of transmitted spectrum is shown in Figure 7.3. This spectrum belongs to the 

metamaterial slab which the dielectric substrate has a refractive index of 4.5. The 

transmission peaks are dominant enough that we can use linearly scaled measurement to 

locate them.  
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Figure 7.3: Transmitted spectrum of the metamaterial slab with a dielectric substrate of 4.5 refractive index. 
 

To explore the sensing performance of the metamaterial, we change the substrate 

refractive index and calculate the transmitted spectra. Following then, we can trace the shift 

in the transmission peaks when the refractive index of the substrate varies. Figure 7.4 

describes these shifts in frequency of transmission peaks when the refractive index of the 

substrate changes from 4.5 to 4.6 in 0.025 steps. The optimal sample rates were chosen in 

the simulation to extract the frequency of the peak accurately. Higher sample rates may 

cause longer simulation times considering limited available computation resources. 
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Figure 7.4: Frequency shifts in transmission peaks when the substrate’s refractive increases from 4.5 to 4.6 
in 0.025 steps. 

 

Referring to notice a red shift in transmission spectra above when the refractive index 

of the substrate increases which is intuitive by considering the relation of the wavelength 

in the medium as λ=λ0/n, where λ0 is the free space wavelength while λ and n are the 

wavelengths and the refractive index of the medium respectively. Therefore, an increase in 

the refractive index of the substrate increases the effective refractive index of the 

metamaterial shortening the effective wavelength in the structure; and this is the reason we 
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see a red shift in the response of the metamaterial. Observing this respond, we conclude 

that the metamaterial can act an effective refractive index sensor with a linear response as 

the nonlinear error is less than 50 KHz for 10-3 change in the refractive index. 

 

7.2. S-resonators as Intensity Based Sensors 

Beyond the metamaterial sensitivity to the refractive index of its surrounding, it is also 

very sensitive to any change in its original design. This shift can be a very little 

modification of the geometry which is caused by external forces such as strain, pressure or 

temperature [204]–[206]. Also, it can be a chance in properties of the materials in the 

metamaterial such as conductivity of the metal part [207]. To investigate the latter approach 

in our design, we calculate transmission spectra of a mirrored S-resonators metamaterial 

while the conductivity of a section of the metal strip is subject to change, Figure 7.5. All 

simulation setup is identical to the previous sensing simulation except there are two rows 

of S-resonators along propagation direction to enhance the mutual couplings between meta-

atoms. While the refractive index of the substrate remains unchanged at 4.5, the 

conductivity of the red arm in Figure 7.5 takes multiple different values of 0, 500, 1000, 

2000 and 3000 Ω-1m-1. As it can be seen in the figure, for the conductivity of 0, as the 

segment blocks current from flowing through it with its infinite resistance, the resonance 

spectrum is dramatically unlike other spectra with finite conductivities. Apart from this 

extreme case, by changing the conductivity, we notice a change in intensity of the 

transmission peaks as an increase in their magnitude. One could expect such result 
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considering the interaction of the incoming field with metals of different conductivity. 

However, we see the metamaterial still represent stability over its frequency spectra, and 

only intensity can be measured. By activating a small part of the S-resonator, one can use 

this approach to design passive remote sensors for chemical sensing applications. 

 

Figure 7.5: The simulation setup where the red arm on the metal strip indicates the part with variable 
conductivity (left). Transmission spectra are calculated for the different conductivity of the red arm (right). 

 

7.3. Conclusion 

We explored the sensing characteristics of S-resonator metamaterial considering its 

high Q-factor. It was shown that the spectra of the structure are sensitive to changes in 

refractive index of its host as well as minor variations in the conductivity of meander lines. 

The metamaterial acts as a frequency based sensors when the refractive index of its 

substrate changes. It shows multiple frequencies sensing signatures, and they have a linear 

response. It also behaves as an intensity based sensor when the conductivity of a section of 

the S-element strip changes. Future work can include fabricating metamaterial-based 

sensors, particularly using our design, for various applications such a chemical and remote 

sensing.  



 
 
 
 
 
 

CHAPTER 8: NONLINEAR METAMATERIALS 
 
The main reason that metamaterials have managed to obtain attention in optics and 

electromagnetism is that they are artificial materials with desirable properties. We can 

benefit from this freedom in design using any structural components, meta-atoms. By 

considering the limitations of fabrication technologies,  we can still deliberately arrange 

meta-atoms to achieve the envisioned bulk material properties. As mentioned before, the 

negative refractive index is one of the most well-known examples of novel features of these 

engineered mediums. 

With emerging all unique properties of metamaterials,  nonlinear optics also found a 

new playground. Where conventional nonlinearities in natural materials are limited to 

particular ranges, metamaterials can construct or enhance a desired nonlinear response 

depending on specific needs. As early in 90’s, it was suggested that an artificial structure 

could exhibit phase conjugation which is a nonlinear process [208]. At the end of that 

decade, the resonant enhancement was predicted using split-ring resonators as one of the 

most famous meta-atoms [209].  Later, a wide range of nonlinear phenomena introduced 

by different groups implementing metamaterials toward novel applications 

[210],[211],[212].  



149 
 
We would like to understand the impact of the local electric field on the effective 

nonlinear polarizability of certain nanomaterials and ultimately on their nonlinear far field 

properties. The understanding of this behavior should help to develop a new class of 

metamaterials whereby we can enhance nonlinear properties while minimizing linear 

absorption at the same time. 

The control of higher order nonlinearities as a result of nanostructuring has been studied 

for some time [213], and their essential parameters have been investigated experimentally 

for various metals and dielectrics [214]. Analytical modeling of nonlinear phenomena in 

the material systems has been proposed [215] which is the fundamental tool for numerical 

approaches to evaluate and study similar systems. 

Regarding optimizing the metamaterial design to enhance nonlinear absorption while 

reducing linear absorption, there is a need which we investigate to model and verify a better 

approach. Earlier models only studied time independent nonlinearities which would not be 

accurate for situations with higher local field coupling [216]. In this work, by using an 

advanced formalism, we can achieve optimal designs to describe nonlinear properties of 

structured systems properly. 

To connect the near field properties to the far field nonlinear behavior, we are 

modifying the FDTD method appropriately to describe intrinsic nonlinearities of materials, 

such as real and imaginary parts of the χ(3) permittivity. It is important that this modification 

is performed for a robust commercial software platform, such as Lumerical FDTD, through 
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the use of the material plugin. The Lumerical software would allow us to perform large 

scale, parallelized structure optimization studies. 

 

8.1. Calculation Method 

To begin with, the nonlinear polarizability in the following equation has to be extracted, 

𝑫𝑫 = 𝜀𝜀0𝑬𝑬 + 𝑷𝑷 (8.1) 

where 𝑫𝑫 is the electric displacement, 𝜀𝜀0 is the permittivity of the vaccum, 𝑬𝑬 is the electric 

field, and 𝑷𝑷 is the polarization. Different models for polarizaation is avaialble to account 

nonlinearties. We proceed with the following terms along our interests, 

𝑷𝑷 = 𝜀𝜀0𝜒𝜒∞𝑬𝑬 + 𝑷𝑷𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟 + 𝑷𝑷𝑇𝑇𝑇𝑇𝑇𝑇 (8.2) 

with 𝜀𝜀0𝜒𝜒∞𝑬𝑬 as nondispersive polarization, the Kerr effect term 𝑷𝑷𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟 = 𝜀𝜀0𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟𝑬𝑬, and 

𝑷𝑷𝑇𝑇𝑇𝑇𝑇𝑇 = 𝜀𝜀0𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇𝑬𝑬 for Two Photon Absoprtion effect. 

The Kerr susceptibility 𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟 satifies the following equation [217], 

𝜕𝜕𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟
𝜕𝜕𝒕𝒕

+
𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟
𝜏𝜏𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟

=
1

𝜏𝜏𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟
𝜀𝜀2|𝐸𝐸|𝟐𝟐 (8.3) 

where 𝜀𝜀2 is the Kerr permittivity, and 𝜏𝜏𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟 is the response time. For TPA susceptibility 

we can use the below equation [215], 

𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇 = 𝑖𝑖
𝑐𝑐0𝑛𝑛0𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟

𝜔𝜔
𝐼𝐼 = −

𝑐𝑐02𝜀𝜀0𝑛𝑛02𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟
2𝑖𝑖𝜔𝜔

|𝐸𝐸|𝟐𝟐 (8.4) 

with 𝑐𝑐0 as speed of light in vaccum, 𝑛𝑛0 as the linear refractive index of medium, 𝜔𝜔 as the 

frequecny, 𝐼𝐼 as the intensity of the field, and 𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟 as the TPA coefficent. To implement 
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this term in FDTD calculation, we need the time dependency of formula. To drive the time 

domain format, we substitue 𝑖𝑖𝜔𝜔 with −𝜕𝜕/𝜕𝜕𝜕𝜕, 

𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇(𝑛𝑛+1) = 𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇(𝑛𝑛) −
𝑐𝑐02𝜀𝜀0𝑛𝑛02𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟∆𝜕𝜕

2𝑖𝑖𝜔𝜔
�𝐸𝐸(𝑛𝑛+1/2)�

𝟐𝟐

≅ 𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇(𝑛𝑛) −
𝑐𝑐02𝜀𝜀0𝑛𝑛02𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟∆𝜕𝜕

2𝑖𝑖𝜔𝜔
��𝐸𝐸(𝑛𝑛+1)�

𝟐𝟐
+ �𝐸𝐸(𝑛𝑛)�

𝟐𝟐
� 

(8.5) 

 where (𝑛𝑛 + 1) and (𝑛𝑛) refers to time steps in the equation. Since 𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇(𝑛𝑛+1) depends on 

𝐸𝐸(𝑛𝑛+1) which is unknown at time step (𝑛𝑛 + 1), iterations in calculation is essential to obtain 

self-consistent 𝜒𝜒𝑇𝑇𝑇𝑇𝑇𝑇(𝑛𝑛+1) and 𝐸𝐸(𝑛𝑛+1). 

Inserting above terms into Equation (8.1) and driving its time domain equation, we can 

write, 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜀𝜀0𝜀𝜀∞
𝜕𝜕𝐸𝐸
𝜕𝜕𝜕𝜕

+ 𝜀𝜀0
𝜕𝜕(𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟𝐸𝐸)

𝜕𝜕𝜕𝜕
+
𝑐𝑐02𝜀𝜀02𝑛𝑛02𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟

2
|𝐸𝐸|𝟐𝟐𝐸𝐸 (8.6) 

finally, the difference equation can be driven from above as, 

𝐸𝐸(𝑛𝑛+1) =
𝑔𝑔2�𝐸𝐸(𝑛𝑛+1)�
𝑔𝑔1(𝐸𝐸(𝑛𝑛+1)) 𝐸𝐸

(𝑛𝑛) +
𝜕𝜕(𝑛𝑛+1) − 𝜕𝜕(𝑛𝑛)

𝜀𝜀0𝑔𝑔1(𝐸𝐸(𝑛𝑛+1))  (8.7) 

where 

𝑔𝑔1�𝐸𝐸(𝑛𝑛+1)� = 𝜀𝜀∞ + 𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟
(𝑛𝑛+1)𝐸𝐸(𝑛𝑛+1) +

𝑐𝑐02𝜀𝜀0𝑛𝑛02𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟∆𝜕𝜕
8

��𝐸𝐸(𝑛𝑛+1)�
𝟐𝟐

+ �𝐸𝐸(𝑛𝑛)�
𝟐𝟐
� (8.8) 

and 

𝑔𝑔2�𝐸𝐸(𝑛𝑛+1)� = 𝜀𝜀∞ + 𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟
(𝑛𝑛) −

𝑐𝑐02𝜀𝜀0𝑛𝑛02𝛽𝛽𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟∆𝜕𝜕
8

��𝐸𝐸(𝑛𝑛+1)�
𝟐𝟐

+ �𝐸𝐸(𝑛𝑛)�
𝟐𝟐
� (8.9) 
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Equation (8.8) and (8.9) can be solved by iteration. Based on our analysis, no more than 

six iterations would be required for computations to achieve consistent results. 

 

8.2. Simulation and Result Verification 

Having the theoretical basis, we identified an appropriate algorithm for modifying 

conventional FDTD method to include nonlinearities of Kerr effect as well as Two-Photon 

Absorption (TPA). Moreover, we constructed nonlinear material plugins for Lumerical in 

Windows and Linux platforms, see Appendix B. To validate the material plugin against 

the prediction of both Kerr effect as well as Two-Photon Absorption (TPA) in simple 

material examples, various simulations were performed. 

For instance, we replicated the results of 2D simulations of an optical switch [218]. In 

the original work, two-photon absorption effect is analyzed in an all-optical switch by a 

home-made FDTD engine specifically designed for the structure. In the proposed photonic 

crystal all-optical switch, a control beam exploits nonlinearity, and the intensity of the input 

signal is maintained constant. Figure 8.1 shows the schematic layout of the designed optical 

switch.  
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Figure 8.1: Schematic of the analyzed switch, the cross-section of rods which are along the z-direction. 
 

The rods are made out of AlGaAs with nondispersive refractive index of 𝑛𝑛0 = 3.4, Kerr 

susceptibility of 𝜒𝜒𝐾𝐾𝑒𝑒𝑟𝑟𝑟𝑟 = 9.2 × 10−19(𝑚𝑚2𝑉𝑉−2), and TPA coefficent of 𝛽𝛽𝑇𝑇𝑇𝑇𝑇𝑇 = 3.5 ×

10−11(𝑚𝑚𝑊𝑊−1). The lattice constant is 𝑎𝑎 = 510𝑛𝑛𝑚𝑚, and the raidus of rods is set as 𝜋𝜋 =

0.2𝑎𝑎. The design has 72 and 12 rods along x- and y-directions, respectively. In Lumerical, 

meshing was set to meet the equivalence computational resolution of the original 

simulation. The input signal is injected in Port 1 and based on the intrinsic parameter of 

material it is outputted to Port 3 or Port 4. The control beam of high intensity is injected to 

the waveguide in the middle of the device. Excitations are from point sources which their 

frequency and time domain parameteres are retrieved from the paper with central frequency 

of 193.5 THZ for signal beam and 170 THz for control beam. As mentioned before, the 

intesnity of the control beam should be very high to alternate intrinsic nonlinear effects of 

nanoparticles. Therefore, an intesity of around 300 GW/cm2 was set for the control beam. 
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Figure 8.2: E-field distribution for the linear case; original simulation (top), Lumerical simulation (bottom). 
 

As we can see in Figure 8.2, when the nonlinear terms are not significant in the 

simulations due to the low intensity of control beam, the input signal from Port 1 will be 

outputted at Port 4. However, when the control beam intensity goes very high, nonlinear 

terms in the material become significant, and this in return results in an increase in the 

refractive index of the rods in the waveguide region where control beam propagates. 

Consequently, the coupling in the photonic crystal increases and the switch functions in 

the cross state. As depicted in Figure 8.3, in this case of nonlinear regime the signal beam 

which is inputted at Port 1 will be outputted at Port 3. 
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Figure 8.3: E-field distribution for the nonlinear case; original simulation (top), Lumerical simulation 
(bottom). 

 

To investigate the effect of each nonlinearity term, specially TPA, we can look at the 

transmission spectrum of the control beam. The original paper has used a method to 

calculate the spectrum whereas we have used monitoring tools in Lumerical to extract the 

real-time data representing field at the points of interest. As we can see from Figure 8.4, 

compared to the linear case, transmission curves of nonlinear cases are red-shifted. As 

stated in [218], the reason is due to shift of the waveguide mode which lies within the 

forbidden photonic band gap. However, when the TPA is strong, a portion of the electric 

field will be dissipated within the rods, and the nonlinear effect will be weaker. By studying 

the impact of TPA for various frequencies of the control beam, an optimized frequency can 

be chosen to have a stronger nonlinear effect. 
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Figure 8.4: Normalized transmission spectra of control beam for each case; Lumerical simulations (left), 
calculated results from original work (right). 

 

Further investigations were performed using the developed plugins for comparison with 

already published data. The results were adequate to release the application for internal 

use. The next phases of the project including applying developed plugin to study target 

material systems with known intrinsic nonlinear properties and following experiments are 

conducting at MIT Lincoln Lab. 

 

8.3. Conclusion 

Designing metamaterial structures at optical frequencies in the presence of high power 

fields requires considering nonlinear effects at light-matter interaction level. Most of the 

available commercial EM simulation packages have limited nonlinear phenomena support. 

Therefore we developed additional plugins for the desired software, Lumerical FDTD, to 

include TPA effect for the design of nanostructures. We tested and successfully validated 

the accuracy of the developed plugin. The following experiments are conducting at MIT 
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Lincoln Lab using the plugin to design and fabricate nanostructured metamaterials. One 

can use the platform of this work to develop additional plugins to include other nonlinear 

effects based on their design and need. 

 

 

 



 
 
 
 
 
 

CHAPTER 9: CONCLUSION 
 

We explored some fundamental properties of metamaterials and their novel 

applications for several purposes. A bianisotropic metamaterial consisting of 

subwavelength mirrored S-resonators was our primary design in simulations and 

experiments. An essential step toward understanding the behavior of metamaterial is to 

evaluate and determine the bulk electromagnetic properties of the structure. Usually, an 

analytical retrieval procedure uses measured scattering parameters to calculate effective 

parameters such as permittivity and permeability. We employed a well-known retrieval 

technique which was optimized for our proposed metamaterial design. The S-parameters 

were obtained numerically in both frequency-domain simulations as well as time-domain 

ones to validate final calculation. The results show an overlapping negative effective 

permittivity and permeability over a range of 2.4 GHz bandwidth, and this delivers a 

practical negative refractive index metamaterial within frequencies of 5.8 GHz to 8.2 GHz 

with left-handed electromagnetic properties. 

We discussed the connection between a negative index metamaterial and negative 

refraction and confirmed that the seen negative refraction in our proposed design is due to 

real negative index. The validation was through studying scattering in the metamaterial 

structure for frequencies at which the periodicity of S-resonators was in the same order of 
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effective wavelength. The total scattering and diffraction behavior can explain the origin 

of negative refraction and if Bragg-like scattering or an effective negative index medium 

is responsible for seen effects. Since the meta-atoms are strongly resonant, there is a high 

coupling between S-resonators resulting in a bulk medium with homogeneous 

electromagnetic properties. 

Metamaterials are limited to a narrow bandwidth for exhibiting left-handed properties, 

and there is a need in tunable metamaterial structures for applications such as radiation 

filters, modulators, or sensing. Therefore, we introduced the idea of a meta-substrate for 

our S-resonators design as an approach for bandwidth engineering. The bandwidth tuning 

of effective parameters is through adding independent resonators to the substrate which 

would modify and shifts the overall resonance response by coupling to S-resonators. 

Further progress in future would be to introduce real-time tunability by changing electrical 

properties of the additional resonators. In addition to meta-substrate design, we proposed 

a polarization-insensitive design with a left-handed response based on original mirrored S-

shaped resonators. Using numerical simulations, we demonstrated that the structure is 

polarization independent, and for a specific design, criteria had a negative refractive index 

frequency range. Next steps could be the fabrication of bulk metamaterials with 3D printing 

methods considering the materials and geometry to extend the range the applications. 

An interesting use of metamaterials is for subwavelength imaging. In the vicinity of the 

object, metamaterials can couple to the evanescent waves and transfer them to the image 

space. We investigated this transfer function in metamaterial slab made out of mirrored S-



160 
 

resonators. We were able to achieve some evidence of subwavelength imaging up to λ/5, 

but further resolution might be restricted because of the relative size of meta-atoms to an 

incident wavelength that prevents to achieve better resolutions. Above that, losses in the 

metamaterial structure significantly degrade the quality of constructed images. After all, to 

reach further improvements, we can apply image processing techniques such as 

compressive sampling to attain higher subwavelength resolution images. Another approach 

in sub-resolution imaging is through reciprocity. We introduced the concept of remotely 

encoding and decoding the subwavelength information of scattering objects using a 

complex metamaterial design and without any signal processing in between. The 

metamaterial structure, encoder, would convert high spatial frequencies, evanescent waves, 

to propagating ones which would be detected at far-field with a complementary 

metamaterial structure, decoder. The complementary metamaterial would recover the 

subwavelength resolution information at a remote location. For this purpose, we considered 

two metamaterial slabs which strongly interact with free space radiation. The effective 

refractive indices of slabs were n = +1 and n = -1 where the negative index slab operates 

as a time reversal or phase conjugation of incident fields, and losses in the structure 

constrain the efficiency of conversion. There is a need to understand the mechanism in 

which scattered field data is transferred over long distances while maintaining the option 

to recover evanescent waves and therefore high-resolution information. Also, the finite size 

limitation in the transverse direction in the metamaterial slabs might significantly restrain 

the conversion of evanescent waves to propagating ones. A possible solution is designig a 
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graded index metamaterial slab which has a unity refractive index at the scattering object 

but then the index changes to zero adiabatically to increase the efficiency of transferring 

the waves from encoder to decoder. 

Metamaterials are generally composed of high Q-factor resonators, and this would 

make them as ideal sensors. We demonstrated that the spectral response of the S-resonator 

metamaterial is sensitive to variations in the refractive index of the substrate. There would 

be a dominant shift in the spectra of metamaterial when the refractive index of metal 

resonators surrounding changes, hence we can use use the metamaterial as a frequency-

based sensor. Our results show that the mirrored S-resonator metamaterial is a linear 

refractive index sensor with a nonlinear error of less than 50 KHz spectral frequency shift 

for 10-3 change in the refractive index. In addition, we can use the metamaterial as intensity-

based sensors by modifying the conductivity of the S-resonator metal trace. For further 

investigation, we can fabricate and characterize metamaterial-based sensors for various 

applications such a chemical and remote sensing. 

Nonlinear effects in metamaterials are essential to understand particularly at optical 

frequencies to optimize the structure design. Usually, famous electromagnetic simulation 

tools do not offer implemented nonlinear effects thoroughly. We developed additional 

plugins for Lumerica FDTD to apply Two-Photo Absorption nonlinear effect in the 

simulations. The built-in plugin was validated through extensive numerical calculations. 

Further metamaterial structure design and optimization followed at MIT Lincoln Lab. One 

can use the developed platform to include more nonlinear effects according to their need.   
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APPENDIX A: MATLAB CODE TO EXTRACT EFFECTIVE PARAMETERS 
 

%%% This program calculates Effective Parameters of selected 
Metamaterials 
%%% Ref. Chen et al. "Robust method to retrieve the constitutive 
effective parameters of metamaterials," Physical Review E 70, 016608 
(2004) 
%%% Last updated: 6/10/2014 by Morteza Karami 
 
  
%% Step – 1: Plots magnitudes of S parameters for structure  
% the unit of the thickness should be [m], otherwise the calculated n 
might not have correct order 
  
d=6.4*10^-3; %[m] metamaterial bulk thickness in the propagation 
direction 
  
S=importdata('Sparameters.txt'); 
% S(:,1)->frequency 
% S(:,2)->|S11| 
% S(:,3)->phase angle of S11 in deg 
% S(:,4)->|S21| 
% S(:,5)->phase angle of S21 in deg 
  
f0=S(:,1);% freq [GHz] 
f=S(:,1)*10^9; % freq [Hz]  
  
S11=zeros(length(f),1); 
S21=zeros(length(f),1); 
k0=zeros(length(f),1); 
S11_mag=S(:,2); 
S11_phas=S(:,3); 
S21_mag=S(:,4); 
S21_phas=S(:,5); 
  
S11=S(:,2).*cos((S(:,3)./180)*pi)-1i*S(:,4).*sin((S(:,3)./180)*pi); 
S21=S(:,4).*cos((S(:,5)./180)*pi)-1i*S(:,4).*sin((S(:,5)./180)*pi); 
k0=2*pi*f./3e8; 
lambda=3e8./f*1e6; %[um] 
  
figure(1)  
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plot(f0,S(:,2),'LineWidth',2) %S11 
hold on  
grid on  
plot(f0,S(:,4),'r-.','LineWidth',2) %S21  
  
title('S parameter of Metamaterial')  
xlabel('Frequency [GHz]')  
ylabel('S parameters')  
legend('S_1_1','S_2_1')  
hold off  
  
%% Step – 2: Plots phases of S parameters for structure  
% need to manually fix the discontinuous part if necessary 
figure(2)  
plot(f0,S(:,3),'LineWidth',2) %[deg]  
hold on  
grid on  
plot(f0,S(:,5),'r-.','LineWidth',2) %[deg] 
 
title('S Phase of Metamaterial')  
xlabel('Frequency [GHz]')  
ylabel('Phase of S parameters [deg.]') 
legend('S_1_1','S_2_1')  
hold off  
  
%% Step – 3: Implementation of impedance retrieval 
  
z = sqrt(((1.0 + S11).^2 - S21.^2)./((1.0 - S11).^2 - 
S21.^2));%Eq.(2a)of Chen(2004) 
exp_ink0d = S21./(1.0 - S11.*((z - 1.0)./(z + 1.0))); 
  
% Choosing the proper sign for Re(z) and Im(n) 
for ii=1:length(f)  
     if (abs(real(z(ii))) >= 1e-1) %if the magnitude of Z is large 
enough, we can determine its sign based on Eq.(3a) of Chen (2004) 
       if (real(z(ii))<0) 
           z(ii)=-z(ii); 
           exp_ink0d(ii)=S21(ii)./(1-S11(ii).*(z(ii)-1)./(z(ii)+1)); 
%Eq(6)of Chen(2004)  
       end        
     else 
       if (abs(exp_ink0d(ii)) > 1.0) %in addition, Z must satisfy 
|exp(i*n*k0*d)|<=1; Sec.C of Chen (2004) 
           z(ii)=-z(ii); 
           exp_ink0d(ii)=S21(ii)./(1-S11(ii).*(z(ii)-1)./(z(ii)+1)); 
%Eq(6)of Chen(2004) 
       end 
     end  
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end 
     
% Plot of real and imaginary parts of impedance  
figure(3)  
plot(f0,real(z),'LineWidth',2)  
hold on 
grid on  
plot(f0,imag(z),'r-.','LineWidth',2)  
title('Metamaterial Impedance')  
xlabel('Frequency [GHz]')  
ylabel('Impedance [\Omega]')  
legend('Real Z','Imag Z')  
hold off 
 
%% Step – 4: Calculate the complex refractive index 
% Calculate index(n) branches  
mmax=2; % number of index(n) branch calculated/shown 
n=zeros(length(f),mmax*2+1); % n matrix  
n_Re=zeros(length(f),mmax*2+1); %Re(n) matrix  
n_Im=real(log(exp_ink0d))./k0./d; % Im(n))  
  
figure(4); 
for mm=-mmax:mmax 
    n_Re(:,mm+mmax+1)=(imag(log(exp_ink0d))+2*pi*mm)./k0./d; 
    n(:,mm+mmax+1)=n_Re(:,mm+mmax+1)-1i*n_Im; %Eq(4)of Chen(2004) 
    plot(f0,n_Re(:,mm+mmax+1),'LineWidth',2); 
    hold on    
end 
hold off 
  
title('Possible Re(n) branches')  
xlabel('Frequency [GHz]')  
ylabel('Refractive index Re(n)') 
  
%% Step - 5 calculate the complex refractive index  
% Calculate the initial branch of index (n) 
m_initial=zeros(length(f),mmax*2+1); 
Eq9=zeros(length(f),mmax*2+1); 
  
for ii=1:length(f); 
    for mm=-mmax:mmax 
        Eq9_left(ii,mm+mmax+1)=abs(n_Re(ii,mm+mmax+1)*imag(z(ii))); 
        Eq9_right(ii,mm+mmax+1)=-n_Im(ii)*real(z(ii)); % must be 
positive 
        Eq9(ii,mm+mmax+1)=Eq9_right(ii,mm+mmax+1) - 
Eq9_left(ii,mm+mmax+1); 
        
        if Eq9_right(ii,mm+mmax+1) - Eq9_left(ii,mm+mmax+1) < -0.1   
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           m_initial(ii,mm+mmax+1)=NaN;      
        else  
           m_initial(ii,mm+mmax+1)=mm;        
        end 
  
    end 
end 
mstart=m_initial; 
 
  
%% Determine which branch is valid based on Eq.(7) Chen (2004) 
  
sol=zeros(1,2); %complex n 
mstart=input('type in initial branch: '); 
n0_true=n_Re(:,mstart+mmax+1); 
nf1=zeros(length(f),1); 
n_true=n(:,mstart+mmax+1); 
  
for ii=1:length(f)-1; %manually choose the range satisfying Eq(9) Chen 
(2004) based on m_initial in Step 5 
     
    A=-0.5*k0(ii+1)^2*d^2; 
    B=k0(ii+1)*n(ii,mstart+mmax+1)*k0(ii)*d^2+1i*k0(ii+1)*d; 
    C=-(exp_ink0d(ii+1)/exp(1i*n(ii,mstart+mmax+1)*k0(ii)*d)-
1+1i*n(ii,mstart+mmax+1)*k0(ii)*d-
0.5*(1i*n(ii,mstart+mmax+1)*k0(ii)*d)^2); 
    
    sol(1)=(-B+(B^2-4*A*C)^0.5)/(2*A); 
    sol(2)=(-B-(B^2-4*A*C)^0.5)/(2*A);   
    compare=abs(imag(sol)-imag(n(ii,mstart+mmax+1))); 
    whichSolution=find((compare==min(compare))); 
    nf1(ii+1)=sol(whichSolution);  
    clear compare whichSolution      
    compare=abs(n_Re(ii+1,:)-real(nf1(ii+1)));    
    m_branch(ii+1)=find((compare==min(compare)))-(mstart+mmax+1); 
   
    if m_branch==0 
        n0_true(ii+1)=n_Re(ii+1,mstart+mmax+1); 
        % n_true=n(:,mstart+mmax+1); which has been assigned 
    else % i.e. if m_branch=0 
        n0_true(ii+1)=n_Re(ii+1,mstart+mmax+1+m_branch(ii+1)); 
        n(ii+1,mstart+mmax+1)=n0_true(ii+1)-1i*n_Im(ii+1); 
        n_true(ii+1)=n(ii+1,mstart+mmax+1); 
    end 
end 
 
% plot true n (real and imag) 
figure(6); 
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plot(f0,real(n_true),'b','LineWidth',2); 
hold on 
grid on 
plot(f0,imag(n_true),'r-.','LineWidth',2); 
  
title('Metamaterial Refractive Index')  
xlabel('Frequency [GHz]')  
ylabel('Refractive index') 
legend('Real n','Imag n') 
 
  
%% Step - 6 Calculation of permittivity and permeability using true 
index branch  
eps=zeros(length(f),1); 
mu=zeros(length(f),1); 
for ii=1:length(f)  
    eps(ii)=n_true(ii)/z(ii);  
    mu(ii)=n_true(ii)*z(ii);  
end 
figure(7)  
plot(f0,real(mu),'LineWidth',2)  
hold on  
grid on  
plot(f0,imag(mu),'r-.','LineWidth',2)  
title('Metamaterial \mu')  
xlabel('Frequency [GHz]')  
ylabel('Permeabiliy \mu')  
legend('Real \mu','Imag \mu')  
hold off   
 
figure(8)  
plot(f0,real(eps),'LineWidth',2) 
hold on  
grid on  
plot(f0,imag(eps),'r-.','LineWidth',2)  
title('Metamaterial \epsilon')  
xlabel('Frequency [GHz]')  
ylabel('Permittivity \epsilon')  
legend('Real \epsilon','Imag \epsilon')  
hold off  
  



 
 
 
 
 
 

APPENDIX B: LUMERICAL NONLINEAR MATERIAL PLUGIN 
 

To modify FDTD method in Lumerical, the user can define a specific type of materials 

with intrinsic characteristics to address the simulation requirements. This advanced feature 

of the software is through building additional material plugins in C++ programming 

software. Lumerical’s guidelines are available for building the plugin. The user has to 

implement the theoretical FDTD equations into a suitable algorithm within the defined 

guidelines. 

The following codes represent the codes used to develop the plugin. In C++, multiple 

files have to be assembled to build the application. The header code sets and defines the 

variables and their type which later will be used in CPP code. The CPP code contains the 

main algorithm which is based on the equations of the material polarization.  

A.1. Material’s Header File Code 

#ifndef _CHI3KERRTPAITERATION_H 
#define _CHI3KERRTPAITERATION_H 
 
#include "imaterialplugin.h" 
 
class Chi3KerrTPAiterationMaterialPlugin : public IMaterialPlugin 
{ 
public: 
    Chi3KerrTPAiterationMaterialPlugin(){}; 
    virtual ~Chi3KerrTPAiterationMaterialPlugin(){}; 
 
    const char* name() const {return "Chi3 Kerr TPA iteration";}; 
    const char* uniqueId() const {return "{F23F3E69-6913-49B2-B51A-
C3A742AD1D86}";}; 
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    const char** parameterNames() const {return names;}; 
    float calculateEx( float U, float V, float Ex, float* storage); 
    float calculateEy( float U, float V, float Ey, float* storage); 
    float calculateEz( float U, float V, float Ez, float* storage); 
    void initialize(const double** parameters, double dt); 
    void initializeStorageEx(float* storage){}; 
    void initializeStorageEy(float* storage){}; 
    void initializeStorageEz(float* storage){}; 
    size_t storageSizeE() const {return 9;}; 
 
private: 
    float calculate(int axis, float U, float V, float E, float* storage); 
 
    static const double c; 
 static const double eps0; 
 
 double eps_r[3]; //er is relative permittivity of material 
 double chi3[3]; // Kerr sussceptiblity 
 double betaTPA[3]; // TPA coeficient 
 
    static const char* names[4]; 
}; 
#endif 

A.2. CPP File Code 

#include "chi3kerrtpaiteration.h" 
#include <cmath> 
 
const double Chi3KerrTPAiterationMaterialPlugin::eps0 = 8.854187817e-12; //vacuum 
permittivity [F/m] 
const double Chi3KerrTPAiterationMaterialPlugin::c = 2.99792458e8; //speed of 
light in vacuum [m/s] 
 
const char* Chi3KerrTPAiterationMaterialPlugin::names[4] = {"Permittivity", 
"\xcf\x87 3", "betaTPA", 0}; 
 
void Chi3KerrTPAiterationMaterialPlugin::initialize(const double** parameters, 
double dt) 
{ 
 
 for(int i=0; i<3; i++){ 
  eps_r[i] = float(parameters[0][i]); 
        chi3[i] = double(parameters[1][i]); 
  betaTPA[i] = double(parameters[2][i]*dt); 
    } 
} 
 
float Chi3KerrTPAiterationMaterialPlugin::calculate(int axis, float U, float V, 
float E, float* storage) 
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{ 
 double Vn = (double)storage[0]; 
 double Un = (double)storage[1]; 
 double En = double(E); 
 double Enp1 = double(E); 
  
 int n = 1.0; 
 int ii = 1.0; 
 
 while (n < 6){ 
  double g1 = chi3[axis] * (Enp1*Enp1) + c*c*eps0*eps_r[axis] * 
betaTPA[axis] * (Enp1*Enp1 + En*En) / 8; 
  double g2 = chi3[axis] * (En*En) - c*c*eps0*eps_r[axis] * 
betaTPA[axis] * (Enp1*Enp1 + En*En) / 8; 
  Enp1 = 1 / (g1 + U)*((g2+Un)*En + (V - Vn)); //calcluates E from 
D=epsilon*E+P where V = D / e0 and U = Lumerial's background perimittivity for the 
material (plugin assumes this is set to 1) 
  n = n + 1; 
  storage[ii + 3] = Enp1; 
  ii = ii + 1; 
 } 
  //updating storage 
  storage[0] = V; 
  storage[1] = U; 
   
  storage[2]= eps_r[axis]; //additional storage field for debugging 
 
 return Enp1; 
} 
 
float Chi3KerrTPAiterationMaterialPlugin::calculateEx(float U, float V, float Ex, 
float* storage) 
{ 
    return calculate(0, U, V, Ex, storage); 
} 
 
float Chi3KerrTPAiterationMaterialPlugin::calculateEy(float U, float V, float Ey, 
float* storage) 
{ 
    return calculate(1, U, V, Ey, storage); 
} 
 
float Chi3KerrTPAiterationMaterialPlugin::calculateEz(float U, float V, float Ez, 
float* storage) 
{ 
    return calculate(2, U, V, Ez, storage); 
} 
 
MATERIAL_PLUGIN(Chi3KerrTPAiterationMaterialPlugin); 
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