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ABSTRACT

SAURABH LANDGE. A comparison of two analytical milling stability analyses
with time-domain simulation.

(Under the direction of DR. TONY SCHMITZ)

In the previous three decades, technologies involved in machine tools and machin-

ing operations have experienced remarkable changes. Despite these advances, unstable

cutting conditions, referred to as chatter, remains an obstacle to high material removal

rates.

Chatter has been a limiting factor for high productivity and part quality. The

well-known stability lobe diagram, which relates the spindle speed and axial depth of

cut to machining stability may be used to select stable operating parameters.

This thesis compares two frequency-domain stability analyses, i.e., the average

tooth angle approach and the Fourier series approach, with time-domain simulation

of milling. The simulations were performed for different cases of both up milling and

down milling at different radial immersions from low (5%) to slotting (100%).

In order to enable a direct comparison of the time-domain simulation to the an-

alytical stability limits without user interpretation, a new stability metric is defined

in the simulation to automatically identify the stability at a particular spindle speed

and axial depth of cut.
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CHAPTER 1: INTRODUCTION

The manufacturing industry has grown vastly during the past two centuries and

many findings were made possible only due to the research activities. The industrial

revolution led to the incorporation of machine tools which was of great importance.

Over the years, many changes have been made in the field of machine tools. These

changes were useful as it increased the accuracy of the machined parts and improved

the surface finish. The parts were now manufactured with close tolerances and also

produced in bulk with less defects. But with these developments, the problem of

vibrations continued to limited productivity.

Generally all bodies that possess mass and have a finite stiffness are capable of

vibrations. The main components of a machine tool are the tool, tool-holder and the

spindle and the assembly tends to vibrate at a natural frequency. This vibration at the

tool leaves a wavy surface and, therefore, chatter (self-excited vibration) can occur.

Chatter arises due to the regeneration of waviness that occurs as the tool removes the

surface that was created during the previous pass. The surface regeneration in milling

(Figure 1.1) occurs from tooth to tooth and in turning it occurs from revolution

to revolution. Chatter gives a poor surface finish to the machined parts and can

be identified by its typical sound during machining. This reduces the efficiency to

produce parts at higher machining rates and thus decrease the productivity.

Since chatter was first recognized by Taylor in 1907, many chatter prevention models

have been developed. Out of these models, Tlusty’s model [9], a frequency-domain

method, for determining stability is widely used. This led to the development of the

stability lobe diagram which is used to determine the stability of a process analytically.
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Figure 1.1: Surface regeneration in milling [1].

These diagrams require the knowledge of the system’s dynamics which is in the form

of system’s frequency response function (FRF) and the cutting parameters, i.e., tool

specification and radial immersion.

An alternative to Tlusty’s model is the Fourier series model [11] by Altintas and

Budak where the frequency-domain algorithm takes in consideration the deflection of

the end-mill in x and y direction and uses a truncated Fourier series to approximate

the periodic entry and exit of the tool from the cut. This frequency-domain solution

was developed with many assumptions to keep the analysis simple and linear.

Time-domain simulation offfers another approach to stability prediction. These

simulation take into account the tool and workpiece dynamics and give accurate results

for the stability analysis. The development of these simulation included Tlusty’s model

[10] which was applied to high speed machining. The basis for time-domain simulation

used in this thesis is described by Smith and Tlusty [2] using the ”Regenerative Force,

Dynamic Deflection Model”. Further modifications were used to make the simulation

more accurate by adding non-linearities [8] like the tool jumping out of the cut, run-
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out, etc.

This research focuses on comparing the frequency domain stability analyses with

the time domain simulation. Also, to identify the stability for more simulation points

on the stability lobe diagram, a new metric is introduced. This thesis contains six

chapters, with this chapter offering a brief introduction on the topic. Chapter 2

contains the literature review. Chapter 3 describes in brief the frequency-domain

stability analyses, i.e., average tooth angle approach and Fourier series approach.

Time-domain simulation is discussed in detailed in chapter 4 and also the outputs

obtained from the simulation are highlighted. A brief discussion on the new stability

metric is also mentioned in this chapter. This is followed by chapter 5 where the

simulation results for seven different cases are presented. Finally the conclusions are

provided in chapter 6.



CHAPTER 2: LITERATURE REVIEW

Chatter is self-excited vibration that can generally occur during machining and

reduces the quality of the parts produced and productivity. There have been many

models put forth by researchers to identify and eliminate chatter during machining.

The purpose of this chapter is to summarize the research in the field of machining

vibrations or chatter and and machining stability prediction.

The history of chatter dates back to the 19th century in the book ”The Art of

Cutting Metals” by Fredrick W. Taylor [23]. Following Taylor’s description of chatter,

many other researchers studied chatter in machining. An early reference was given by

Arnold [26] in 1945 which was concerned with vibration of carbide turning tool when

cutting rigid steel components.

It was in the late 1950s when Tlusty [27] and Tobias [22] introduced the theory

of regenerative chatter to study machining chatter in turning. They observed that

the structural dynamics of the machine tool was an important source of self-excited

vibrations and this vibration while machining produced variable forces. The formu-

lation of the regenerative chatter model was important in creating a stability chart

which would then be termed as the Stability Lobe Diagram.

The turning model was then extended to milling, where the surface regeneration

occurred from tooth to tooth (see Figure 2.1). Similar to turning, the relative phas-

ing between the surface waviness from one tooth to the next determined the force

variation and together with the chip width determined if the operation was stable or

unstable.
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Figure 2.1: Surface regeneration in milling [1].

In 1964, Merritt [12] showed that chatter can be represented by a feedback loop.

Next, Sridhar [13] developed a mathematical model wherein many teeth were in con-

tinuous contact with the workpiece and also a linear differential-difference equations

with periodic coefficients. This work was helpful as it resulted in developing analytical

algorithms that were used to produce the stability lobe diagram [14].

In 1974, Tobias and Hanna [24] proposed a non-linear theory of regenerative chat-

ter where the dynamics of the machine was represented by an equivalent non-linear

single degree of freedom system. The theory predicted the manner in which chatter

developed and the amplitude at which it stabilized itself. The amplitude jump and

drop phenomena by which the oscillations of the system adjust themselves from one

steady state condition to another was also explained.

The stability lobe diagrams were developed with many simplifying assumptions

such as large cutting diameter and average direction of cutting force which makes

the system linear. But, if any non-linearity exists, stability lobe diagram fails to

predict that. In order to improve the accuracy of the stability predictions and to get

an exact ideas of the cutting force produced during milling operations time-domain

simulation was developed. The development of time-domain simulation is described

by many researchers, including Tlusty [16], Ismail [8] and Smith[2]. The time-domain



6

simulation implemented in this research is based on the ”Regenerative Force, Dynamic

Deflection Model” described in Smith and Tlusty [2]. A detailed explanation about

time-domain simulation is presented in chapter 4.

In 1993, Smith and Tlusty [7] made the use of PTP (peak-to-peak) diagrams

to evaluate the results of time-domain simulation of a milling process. The PTP

diagrams were informative as they contained the general information about the stable

and unstable ranges with the detailed information about the forces and displacement.

In 1995 a new model for the analytical prediction of stability lobes was presented by

Altintas and Budak [11]. The time-varying cutting force coefficient were approximated

by a Fourier series approach. This approach was dependent on the radial immersion

and the number of teeth on the cutter.

The stability models described by Tlusty [9], known as the average tooth angle

approach, and by Altintas and Budak[11], known as Fourier series approach, are both

termed as frequency-domain methods because they require knowledge of frequency

response function and the force model coefficients. These models are discussed in

detail in chapter 3.

With the advancement in the machine tool technology, such as the introduction of

numerical control, high-speed/high-power spindles, and new machine designs, high-

speed machining came into existence. High-speed machining enables higher material

removal rates (MRR) which reduce the machining time. The parts are produced with

more accuracy and good surface finish. In 1998 Davies et al. [15] measured tool

deflections for high length to diameter ratio endmills with capacitance probe during

high-speed milling. To identify chatter, once per revolution sampling techniques were

introduced. The tool defections were then compared with the predictions of chatter

regenerative theory.

In 2002, Schmitz et al. [5] extended the work of Davies et al. where the once per

revolution sampling technique was applied to the milling audio signal. A new chatter
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detection technique based on the statistical variance in the once per revolution sampled

audio signal during milling was described. The stable and unstable cuts were then

identified by their synchronous and asynchronous nature with the spindle rotation.

In this research, the technique of once per revolution sampling is applied to the

tool and workpiece displacement to determine the stability metric. The use of this

metric is described in chapter 4.

Bayly et al. in 2002 [28] identified the effect of radial immersion and cutting

direction on chatter instability in end-milling. The stability predictions were done for

two degree of freedom model and the stability boundaries were determined by time

finite element analysis. The semi-discretization method was developed by Insperger

and Stepan [19, 20] and was used to prediction stability in milling.



CHAPTER 3: FREQUENCY-DOMAIN STABILITY ANALYSIS

In this chapter, a detailed description is provided regarding the stability lobe

diagram (SLD). Two approaches for determining SLD, i.e., average tooth angle and

Fourier series are also presented.

3.1 Stability Lobe Diagrams

Over the years, vibration in machine tool has been a concern among machine

tool manufacturers and end-users. When a cut is performed, ideally the tool should

leave a smooth finished surface. However, this is not the case every time and when

chatter occurs, the tool leaves a rough surface on the workpiece. Chatter can be

easily identified by the noise associated with these vibrations. It is a self-excited type

of vibration that occurs in metal cutting if the chip width is too large with respect to

the dynamic stiffness of the machine. To identify the stability of a process, a stability

lobe diagram is used. A stability lobe diagram is based on regenerative chatter theory

and gives the relationship between spindle speed and allowable axial depth of cut.

In figure 3.1, stable and unstable regions are defined, where blim is the limiting chip

width and Ω is the spindle speed . The border between the two regions consists of

several lobes.

Tobias [22] defined that chatter is self-excited type of vibration which may be

caused due to regeneration of chip thickness. In this method, the tool removes a

chip from a surface that was produced by the tool in the previous pass. If there is

relative vibration between the tool and the workpiece, waviness is generated on the

cut surface. There are two different approaches by which a stability lobe diagram can

be created. They are:
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Figure 3.1: Stability lobe diagram [1].

1. average tooth angle approach developed by Tlusty [9].

2. Fourier series approach developed by Altintas and Budak [11].

3.2 Average Tooth Angle Approach

The average tooth angle approach developed by Tlusty [9, 25] is based on the

assumption of an average tooth angle in a cut and, therefore, an average force direction.

This assumption creates an autonomous, or time-invariant system. Tlusty then made

the use of directional orientation factors to project this average force into x and y

mode directions and, second, project these results onto the surface normal for the

average tooth angle. The milling operation is either stable or it exhibits chatter and

its stability is mainly dependent on chip width, b, and spindle speed, Ω. The equation

for stability is given by:

blim =
−1

2KsRe[FRForient]N∗t
(3.1)

In equation 3.1, blim represents the limiting chip width to avoid chatter, FRForient

represents the oriented frequency response function, Ks is the specific force. N∗t

represents the average number of teeth in the cut. In milling operations, it is possible

that multiple teeth are engaged simultaneously during cutting and the instantaneous

number of teeth in the cut varies over one revolution. This average value is calculated
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Figure 3.2: Frequency Response Function

by dividing the difference between the exit and starting angles by the angular tooth

spacing. Uniform tooth spacing is assumed.

N∗t =
φe − φs
360/Nt

(3.2)

3.2.1 Oriented Frequency Response Function

The frequency response function (FRF) is an important concept in forced vibra-

tions; which expresses the relationship between the periodic force F and vibration X

it produces. FRFs are complex functions with real and imaginary components. From

figure 3.2 the FRF , G(ω), is the ratio of output amplitude X over the input force F .

X(ω) = G(ω)F (ω) (3.3)

G(ω) =
X(ω)

F (ω)
(3.4)

If a single degree of freedom forced vibration model is considered as shown in the

following figure 3.3 , the equation of motion is written as:

mẍ+ cẋ+ kx = Feiωt (3.5)
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Figure 3.3: Single degree of freedom forced vibration model with free-body diagram
[1]

For the steady-state response, x(t) = Xeiωt, ˙x(t) = iωtXeiωt and ¨x(t) = −ω2Xeiωt.

Substituting the values in equation 3.5, the equation changes to

(−mω2 + iωc+ k)Xeiωt = Feiωt (3.6)

Using the FRF definition stated previously,

G(ω) =
X(ω)

F (ω)
=

1

−mω2 + iωc+ k
(3.7)

This equation can be modified to include the natural frequency, ωn, and damping

ratio, ζ, which are used to define the dynamics of the tool or workpiece by substituting



12

k
m

= ωn
2 and c

m
= 2ζωn.

G(ω) =
1

k
(

ωn
2

(ωn2 − ω2) + i2ζωωn
) (3.8)

To further simplify this equation, sustituting the frequency ratio r for ω
ωn

, it becomes

a compact FRF equation.

G(r) =
1

k

1

(1− r2) + i2ζr
(3.9)

The oriented FRFs are calculated by summing the products of directional orientation

factors and the corresponding FRF for thr x and y directions

FRForient = µxFRFx + µyFRFy (3.10)

In figure 3.4 a 25% radial immersion upmilling cut with force diagram is shown. The

Figure 3.4: 25% radial immersion upmilling geometry [1]

exit angle φe is 60◦ and start angle for any upmilling operation is always zero. To find

the value of µx, the force F is projected in the x-direction to obtain Fx = Fcos(β−60),

where β is the force angle in deg. This result is then projected onto the average

surface normal, which is at φavg = 0+60
2

= 30◦, to obtain Fn = Fcos(β − 60)cos(150).
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Similarly, to determine µy, Fn = Fcos(150− β)cos(150), where Fcos(150− β) = Fy.

So the directional orientation factors are µx = cos(β−60)cos(150) and µy = cos(150−

β)cos(150). Now to calculate the value of blim from equation 3.1, FRForient is required

and its value is determined using equation 3.10

According to the regenerative chatter theory [9, 25], chatter occurs when there is a

shift in the phase angle between the current and previous surface waviness and when

the chip width is too large. The phase angle, denoted by ε, is obtained the equation:

Figure 3.5: Chip thickness variation [25]

ε = 2π − 2 arctan
Re[FRForient]

Im[FRForient]
(3.11)

The relationship between the chatter frequency, fc, and the phase shift, ε is

fc
ΩNt

= N +
ε

2π
(3.12)

where N is the integer number of waves between teeth and the real and imaginary

part of the oriented FRF can be obtained from the frequency response graphs. The

ratio fc
ΩNt

is the ratio of the chatter frequency to the forcing frequency because ΩNt

is the tooth passing frequency.

In short, the milling SLD is generated by:

1. Determining the oriented FRF and identifying the valid chatter frequency ranges.(where

the real part is less than zero)
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2. Solving for ε over the valid frequency ranges.

3. Finding the average number of teeth in a cut for a given radial immersion.

4. Calculating blim over valid frequency range.

5. Selecting an N value and calculating associated spindle speeds over the valid

frequency ranges.

6. Plotting Ω vs blim for each N value.

3.3 Fourier Series Approach

The Fourier series approach is a technique developed by Altintas and Budak [11] to

transform the dynamic milling equations into a time invariant, but radial immersion

dependent system. The dynamic milling process model is derived by considering the

Fourier series expansion of the time-varying milling force coefficients. The cutting

Figure 3.6: Notation for Fourier series model [1]

forces excite the structure in the feed (x) and perpendicular (y) directions, causing

dynamic displacement x and y respectively. The projections of x and y vibration onto

the surface normal is n = −x sinφj − y cosφj , where φj is the instantaneous angle

of tooth (j) measured clockwise from the y axis. The chip thickness equation is given

by:

h(φj) = [∆x sin(φj) + ∆y cos(φj)]g(φj) (3.13)
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where ∆x = xj −xj−1 and ∆y = yj − yj−1. Also xj and yj indicates x and y direction

vibration from current tooth and xj−1 and yj−1 indicates x and y direction vibration

from previous tooth. g(φj) is a switching function which determines whether the tooth

is in or out of the cut.

g(φj) =


1, when φs ≤ φj ≤ φe

0, when φs < φj, φj > φe

(3.14)

The static component of the chip thickness ft sin(φj) is neglected because it does not

contribute to the dynamic chip load regeneration mechanism. The tangential (Ft,j)

and the normal or radial (Fn,j) cutting forces acting on the tooth j are proportional

to the axial depth of cut and chip thickness.

Ft,j = Ktbh(φj), Fn,j = KnKtbh(φj) (3.15)

where Kt and Kn are cutting force coefficients. Resolving the cutting forces in x and

y directions,

Fx,j = −Ft,j cosφj − Fn,j sinφj (3.16)

Fy,j = Ft,j sinφj − Fn,j cosφj (3.17)

The force expressions are completed by including the summation over all teeth so that

the contributions of multiple teeth in the cut are considered.

Fx =
Nt∑
j=1

Fx,j and Fy =
Nt∑
j=1

Fy,j (3.18)
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The x and y direction force expressions are now arranged in the matrix form to obtain:

Fx
Fy

 =
1

2
bKt

axx axy

ayx ayy


∆x

∆y

 =
1

2
bKt[A](∆) (3.19)

Here the A matrix entities is referred to as the time varying directional dynamic force

coefficient and they are:

axx =
Nt∑
j=1

−g(φj)(sin(2φj)) +Kn(1− cos(2φj)) (3.20)

axy =
Nt∑
j=1

−g(φj)(1 + cos(2φj)) +Kn(sin(2φj)) (3.21)

ayx =
Nt∑
j=1

−g(φj)(1− cos(2φj))−Kn(sin(2φj)) (3.22)

axx =
Nt∑
j=1

−g(φj)(sin(2φj))−Kn(1 + cos(2φj)) (3.23)

These expressions are periodic with tooth pitch, φp = 2π
Nt

and are also periodic in time

over the tooth period, τ = 60
ΩNt

. In order to remove the time dependence of the A

matrix, it is expanded in a Fourier series:

[A(t)] =
∞∑

r=−∞

[Ar]e
irωtootht, (3.24)

where ωtooth = 2πftooth and the Fourier coefficients are [Ar = 1
Ntτ

]
∫ Ntτ

0
[A(t)]eirωtoothtdt,

and then only the r = 0 term is retained. The r = 0 coefficient,[A0] is only valid

between the start and the exit angles.

[A0] =
1

2π

∫ 2π

0

[A(φ)]dφ =
1

2π

∫ φe

φs

[A(φ)]dφ[A(φ)]dφ =
Nt

2π

axx axy

ayx ayy

 (3.25)
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The displacements are related to the forces using the FRFs.

Xj

Yj

 =

FRFxx FRFxy

FRFyx FRFyy


Fx
Fy

 eiωct =

FRFxx 0

0 FRFyy


Fx
Fy

 eiωct (3.26)

The cross FRFs are set to zero because the x and y directions are orthogonal and

zero cross talk between the two directions is assumed. The dynamic milling equation

is given by:

Fx
Fy

 eiωcτ =
1

2
bKt[A](∆)(1− eiωcτ )

FRFxx 0

0 FRFyy


Fx
Fy

 eiωct (3.27)

Rearranging equation 3.27

Fx
Fy

 eiωct

(
[I]− 1

2
bKt(1− eiωcτ )[A0]

FRFxx 0

0 FRFyy

) = 0 (3.28)

where [I] is a 2X2 identity matrix and this equation has a non-trivial solution only if:

det

(
[I]− 1

2
bKt(1− eiωcτ )[A0]

FRFxx 0

0 FRFyy

) = 0 (3.29)

Expanding the product of [A0][FRF ] gives [A0][FRF ] = Nt

2π
[FRFor] and a new variable

Λ is introduced which is defined as :

Λ = −Nt

4π
bKt(1− eiωcτ ) (3.30)

where eiωcτ represents the delay of one tooth period. Equation 3.27 is now modified

as :

det([I] + Λ[FRFor]) = 0 (3.31)
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After expanding equation 3.31 and solving for the two roots which are the system

eigenvalues Λ1 and Λ2, can be determined using the quadratic equation:

Λ1,2 = − 1

2a0

(
a1 ∓

√
a1

2 − 4a0

)
(3.32)

Here a0 = FRFxxFRFyy(axxayy − axyayx) and a1 = axxFRFxx + ayyFRFyy Since the

frequency response functions are complex, the eigenvalues have real and an imaginary

part, Λ = ΛRe + iΛIm. Using Euler’s identity e−iωcτ = cos(ωcτ) − isin(ωcτ) and

substituting in equation 3.30 the limiting chip width, blim, is determined

blim = −2πΛRe

NtKt

(1 + κ2), (3.33)

where the new variable κ is defined as κ = ΛIm

ΛRe
= sin(ωcτ)

1−cos(ωcτ)
. Therefore, given the

chatter frequency (ωc), the chatter limit in terms of axial depth of cut can directly be

determined from equation 3.33. The corresponding spindle speed can also be found

by determining the phase shift in the surface undulations between subsequent tooth

passages, ε = π−2ψ (rad) where ψ = tan−1(κ). The tooth passing period is expressed

as τ = 1
ωc

(ε + j2π) (s), where j = 0, 1, 2.... refers to the integer number of waves

between teeth. Finally, the spindle speeds are obtained from Ω = 60
Ntτ

The stability

lobe diagram is obtained as follows:

1. Select a chatter frequency from the FRFs around a dominant mode.

2. Solve the eigenvalue equation.

3. Calculate the limiting depth of cut from equation 3.33.

4. Calculate the spindle speed for each stability lobe j = 0, 1, 2....

5. Repeat the procedure by scanning the chatter frequencies around all the domi-

nant modes of the structures.
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To demonstrate the two methods for generating a stability lobe diagram, a symmetric

single degree of freedom system with 50% radial immersion up milling is considered

where the system dynamics are: kx = ky = 5x106N/m, ζx = ζy = 0.05, fnx = fny =

750Hz, Ks = 700N/mm2 and β = 68◦. A two teeth cutter is used.
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Figure 3.7: SLD for average tooth angle approach
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Figure 3.8: SLD for Fourier series approach

In Figure 3.8, the two eigenvalues can be seen. The dotted line is Λ1 boundary,

which occurs at higher chip width in this case, and the Λ2 boundary occurs at lower

chip width in this case. The lower boundary is selected for all spindle speeds.



CHAPTER 4: TIME-DOMAIN STABILITY ANALYSIS

In this chapter, a detailed description of time-domain simulation for milling is

presented. A new metric, M, for determining the stability limit for a grid of points

from the time-domain simulation is introduced. Descriptions of different outputs

obtained from time-domain simulation are also discussed.

4.1 Time-Domain Simulation

Frequency-domain analysis provides insight about the overall machining stability.

In general, the stability lobe diagrams helps to distinguish between stable and unstable

regions as shown in Figure 4.1[1].

Figure 4.1: Stability lobe diagram [1] .

Time-domain simulation, on the other hand, gives a more specific information about

the force and displacement at a given spindle speed, Ω(rpm), and axial depth of cut,

b(mm). The simulation applied in this research is based on the Regenerative Force,

Dynamic Deflection Model by (Smith and Tlusty)[2]. The simulation includes non-
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linearity that can occur if the tooth leaves the cut due to large amplitude vibrations.

The simulation proceeds as follows.

1. The instantaneous chip thickness is determined using the vibration of the pre-

vious and current teeth at the selected tooth angle.

2. The cutting force is calculated.

3. The force is used to find the new displacement.

4. The tooth angle is incremented and the process is repeated.

4.1.1 Instantaneous Chip Thickness

As stated previously, the instantaneous chip thickness depend on the previous and

current teeth vibration in the normal direction at the same tooth angle. To simplify

the equation for instantaneous chip thickness, it is assumed that the cutter diameter,

d, is much larger than the feed per tooth, ft. This assumption is referred to as the

circular tool path approximation. Also, the stiffness in z-direction for the milling tool

is neglected because the tool is generally much stiffer along its axis of rotation. The

chip thickness can be expressed as

h(t) = ftsin(φ) + n(t− τ)− n(t). (4.1)

where φ is tooth angle , τ is the tooth period defined by τ= 60
Ωm

and m is the number of

teeth. The expressions n(t− τ) and n(t) corresponds to the vibrations of the previous

and the current teeth respectively along the surface normal direction. From Figure

4.2, the x and y vibrations can be projected onto the surface normal, which gives

n = −xsin(φ)− ysin(φ). (4.2)
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Figure 4.2: Chip Thickness Geometry

The strategy that is used in simulation is to divide the angle of cut into a dis-

crete number of steps. The angle of cut is incremented by a small angle dφ at

each small time step dt. The cutter rotation, given as dφ = 360
steps per rev

, depends

on the number of steps per revolution, steps per rev. The small time step is given

by dt = 60
(steps per rev)Ω

. A vector of angles is defined to represent the potential ori-

entations of the teeth as the cutter is rotated through one revolution of the circular

tool path, φ = [0, dφ, 2dφ, 3dφ, ......, ((steps per rev) − 1)dφ]. The locations of the

teeth within the cut are then defined by referencing entries into this vector which is

denoted as phi in the simulation. A vector of tooth orientations is also defined as

teeth = [1, ( steps per rev
m

) + 1, 2( steps per rev
m

) + 1, ......, ((m)− 1)( steps per rev
m

) + 1]. Tooth

angles can be identified by the statement in the MATLAB code phi(teeth(cnt3)),

where cnt3 is an index used in simulation which sums the force contribution over all

the teeths. Sometimes the ratio steps per rev
m

can be a non-integer value, so to correct

it, a function round( steps per rev
m

) is implemented.

The chip thickness equation 4.1 also contains the term n(t − τ), which corresponds

to the normal direction vibration of the previous tooth. This value is saved by gener-

ating a new variable called surface. The entries in the surface vector are updated
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after the current chip thickness calculation so that each time the value is queried at

a particular orientation, the entry for that tooth angle references the result from the

last time a tooth was positioned at the current angle.

Consideration of Helix Angle

A two-tooth cutter is used to describe the incorporation of helix angle. This is

done by sectioning the tool into a number of axial slices as shown in Figure 4.3 [1].

The cutting edges of the tool are inclined at a helix angle, γ, so that the chip to

Figure 4.3: Axial discretization of the tool [1]
.

be removed is spread over an increased length and the edge pressure is also reduced

relative to straight teeth. The full length of the cutting edge does not enter or exit the

cut at the same instant. There is an increasing delay of the cut at the entry and the

exit when moving from the free end of the cutter towards the spindle. The angular

delay, given by χ, increases with distance from the free end of the milling cutter. After

the helix is unwrapped, the angles become distances and the delay distance as seen

in Figure 4.4 becomes rχ, where r is the tool radius. At z = 0, the delay distance is

zero and at z = −b, the delay distance becomes, rχ = b tan(γ). Since the tool is also

discretized axially according to Figure 4.3, the thickness of each slice is now a small
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Figure 4.4: Unwrapped tool view [1]
.

fraction db. The angular delay is

χ =
db tan(γ)

r
=

2db tan(γ)

d
. (4.3)

In order to ensure that the angles for each slice match the predefined tooth angles, phi

vector entities in the time-domain simulation, the angular delay between the slices is

χ = dφ. This places a constraint on the db value.

db =
d.dφ

2 tan(γ)
. (4.4)

The number of steps along the tool axis is then determined using steps axial =

round( b
db

). An additional for loop is added to count through the axial slices individ-

ually where cnt4 is used as an index to sum the forces along the axial depth of the

helical endmill. In the cnt4 loop, the phi vector is updated and a new function phia is

introduced which calculates the angle of the current axial slice. This is determined by

decreasing the tooth angle under consideration, referenced to the free end of the cutter

and indexed by cnt3 by phi counter = teeth(cnt3)−(cnt4−1). According to Equation
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4.3, db is used to ensure that the angular delay between the slices corresponds to dφ.

The current axial slice angle becomes phia = phi(phi counter). To calculate the actual

angle for the selected tooth including local helix angle lag, a new variable phiactual

is introduced which is the difference between tooth in consideration and its corre-

sponding helix lag which is given by phiactual = phi(teeth(cnt3)) − 2(cnt4−1)db tan γm
d

.

Due to the consideration of local helix lag, the counter to select the discretized ac-

tual angle is also updated to phi counter new which is equal to phi counter new =

phiacutal−phia
dφ

+ phi counter. Finally a vector, phib = phi(phi counter new) is intro-

duced that specifies the angle for the given axial discretized section using the current

helix angle. If this tooth angle is within the specified range of the entry and the exit

angles of the cut, then the value of vibration normal to the surface [1] is calculated

by the following equation.

n = −x sin(φb)− y(cosφb). (4.5)

The surface vector is now modified and replaced by an array where each row in

the array includes information for a single axial slice. It is given by the command

surface(cnt4, phi counter new), where there are steps axial rows. The surface val-

ues gets updated in two scenarios.

1. If the tooth is cutting i.e. it is in between the start and the exit angles and the

tangential cutting force is greater than or equal to zero, then the value is set to

the current vibration using surface(cnt4, phi counter new) = n.

2. If the current tooth is bounded by the start and the exit angles, but tangential

force is less than zero, this implies that the tooth has jumped out of the cut and

the surface vector is updated with the current feed [1] surface(cnt4, phi counter new) =

surface(cnt4, phi counter new) + ft(cnt3)sin(φb) .
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Runout

Runout, or eccentricity, is a common problem in interrupted machining operation.

It remains an important issue because the cutters available commercially show some

variations in teeth radial locations. Runout affects the instantaneous chip thickness.

Equation 4.1 is modified to include runout [1].

h = ft(cnt3)sin(φb) + surface(cnt4, phi counter new)− n+RO(cnt3). (4.6)

where RO is the vector which contains the tooth to tooth runout. The entries in the

RO vector are normalized to the largest tooth radii. This implies that if runout is

present, the values will be less than zero. The surface array is also updated to include

runout[1]. If the tooth is in the cut, the array is given by the following equation

surface(cnt4, phi counter new) = n−RO(cnt3). (4.7)

This update only considers radial runout. If there is an axial runout present in the

tool, the RO vector could be modified as an array with a column for each tooth and

a row for each axial slice.

Inclusion of Variable teeth spacing

The simulation also takes into account the non-uniform teeth spacing. Changing

the teeth spacing varies the time delay and interrupts the surface regeneration period-

icity. First, the angles of individual teeth are defined starting from zero. It is defined

by the vector tooth angle. This variation in teeth angles also changes the feed per

tooth. The variable teeth spacing is included as shown in the following code [1]

theta=diff([tooth_angle 360]);

for cnt=1:m

ft(cnt)=(ft_mean*theta(cnt)*m)/360;
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end

where ft mean is the mean feed per tooth.

4.2 Force Calculation

The next step in the time-domain simulation after calculating the chip thickness

is the force calculation. To include the nonlinearity, the tangential and radial cutting

forces are set to zero if the tooth jumps out of the cut and the surface vector is updated

with current feed. If the tooth is in the cut, the tangential and radial (normal) forces

are calculated by the following equations,

ftan = Ktc ∗ db ∗ h+Kte ∗ db− (Ct ∗ db ∗ ṙ)/V (4.8)

frad = Krc ∗ db ∗ h+Kre ∗ db− (Cr ∗ db ∗ ṙ)/V (4.9)

where Ktc is tangential cutting constant, Kte is tangential edge constant, Ct is tan-

gential process damping coefficient, ṙ is the velocity in radial direction and V is the

cutting speed given πdΩ
60

. Similarly Krc, Kre and Cr denotes radial cutting constant,

radial edge constant and radial process damping coefficient. From Figure 4.2, the

radial and tangential components are projected into the x and y directions and the

total force in x and y directions is given by

Fx = Fx − frad ∗ sin(φb)− ftan ∗ cos(φb). (4.10)

Fy = Fy − frad ∗ cos(φb) + ftan ∗ sin(φb). (4.11)

These forces, Fx and Fy are then used to compute the displacements.

4.3 Displacement Calculation

The displacement is determined by Euler (numerical) integration. A two-degree of

freedom model is shown in Figure 4.5[1] The equations of motion for the figure are:
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Figure 4.5: Two-DOF model

mxẍ+ cxẋ+ kxx = Fx (4.12)

myÿ + cyẏ + kyy = Fy (4.13)

where velocities are given by ẋ and ẏ and positions are given by x and y. The initial

values of position are set to zero before starting the displacement calculation. After

calculating the accelerations ẍ and ÿ new velocities and the positions are determined

by numerical integration as shown [1].

ẋ = ẋ+ ẍdt (4.14)

ẏ = ẏ + ÿdt (4.15)

x = x+ ẋdt (4.16)

y = y + ẏdt (4.17)
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The velocities on the right hand side of the equations are retained from the previous

time step. The new velocities are then applied to determine the new displacement

given by the Equation 4.16 and 4.17. Also, the displacements on the right hand

side are determined from previous time step. In the simulation, a new index , cnt5, is

introduced which counts through number of modes in both x and y-direction. Multiple

degrees of freedom in each direction can be considered by adding the individual modal

contributions.

4.4 Time-Domain Simulation Outputs

As mentioned in the previous section, the time-domain simulation predicts the

force and displacement at a given spindle speed and axial depth of cut. To demon-

strate, a cut is simulated using using the time-domain simulation adn the results are

presented. The milling conditions are 50% radial immersion upmilling. The tool dy-

namics in the x and y directions are ktx = 5x106N/m, kty = 5x106N/m, ζtx = 0.05,

ζty = 0.05, fnxt = 750Hz and fnyt = 750Hz. Also the workpiece dynamics in the x and

y directions are kwx = 5x1010N/m, kwy = 5x1010N/m; damping ratio and natural fre-

quency are same as the tool. Simulation is carried out by using a cutter with two teeth

and a 20mm diameter. The spindle speed is Ω=22000 rpm. The axial depth of cuts

are 5mm and 20mm. The tangential cutting constant, Ktc = 6.4903x108N/m2, radial

cutting constant, Krc = 2.6222x108N/m2. The tangential edge constant, Kte = 0

and radial edge constant, Kre = 0. Figures 4.6, 4.7, 4.8 show the x and y direction

displacement and also the resultant force at a 5mm axial depth of cut. After the

initial transients are neglected, the resultant force repeats. This implies that the cut

is stable.

Figures 4.9, 4.10, 4.11 show plots of x and y direction displacement and also the

resultant force for a 20mm axial depth of cut. After the initial transients are neglected,

the resultant force varies. This implies that the cut is unstable.
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Figure 4.6: x-direction force(top) and displacement(bottom)

Figure 4.7: y-direction force(top) and displacement(bottom)

Figure 4.8: Resultant force
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Figure 4.9: x-direction force(top) and displacement(bottom)

Figure 4.10: y-direction force(top) and displacement(bottom)

Figure 4.11: Resultant force
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4.5 M Metric for Stability

In the previous section, a plot for force and displacement was critical to determine

whether a cut performed at a selected spindle speed and axial depth would be stable

or unstable. This activity needs be performed automatically when stability is to

be determined for a grid of points in a stability map. Consider the cases described

previously . The x-displacement obtained from time-domain simulation is sampled

once-per-tooth. This is done by modifying the displacement x and y obtained after

numerical integration which is denoted by xtpos and ytpos for tool displacement [1].

xt_s=xtpos(1:steps_tooth:length(xtpos));

yt_s=ytpos(1:steps_tooth:length(ytpos));

Similarly, this modification can also be applied to include the workpiece x and y dis-

placement. The figure 4.12 shows sampled points for a stable cut. It can be seen that

Figure 4.12: Sampled x-displacement for b = 5 mm and Ω = 22000 rpm

if a stable cut is sampled once-per-tooth, the sampled points repeat for each tooth

passage. Figure 4.13 shows sampled once-per-tooth points for the unstable cut. The

stability behavior using once-per-tooth sampled points is used to determine the stabil-

Figure 4.13: Sampled x-displacement for b = 20 mm and Ω = 22000 rpm
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ity of process over a large grid of points. The new metric is M =
∑N

n=1 |
xts(i)−xts(i−1)

N
|

[3], where xts is the vector of once-per-tooth sampled tool displacement in the x

-direction and N is the length of the vector xts. This build on the approaches de-

scribed by [4, 5, 6]. Similarly, this metric can also be applied in y-direction and also

to xwpos and ywpos for workpiece displacements. The absolute value of the difference

in the successive sampled points is summed. In this research, the M < 1µm gives a

stable cut, whereas unstable cut is given by M value greater than 1µm. The stable

point is marked by an ”o” symbol and unstable point is marked ”x” symbol on the

stability lobe diagram with a grid of points.



CHAPTER 5: RESULTS

5.1 Introduction

In this section, the two frequency-domain stability analyses, i.e., average tooth

angle approach and Fourier series approach, are compared with the time-domain sim-

ulation. The comparison is completed for the following cases:

1. Case 1- Single Degree of Freedom Symmetric Tool

2. Case 2- Single Degree of Freedom Asymmetric Tool

3. Case 3- Two Degree of Freedom Symmetric Tool

4. Case 4- Two Degree of Freedom Asymmetric Tool

5. Case 5- Single Degree of Freedom Symmetric Equal Tool-Part

6. Case 6- Single Degree of Freedom Symmetric Unequal Tool-Part

7. Case 7- Single Degree of Freedom Symmetric Tool Low Damping.

For all cases, a 20mm diameter two teeth cutter is used for simulation. The specific

cutting force , Ks, is 700N/mm2 and the force angle, β, is 68◦. The radial immersion

is varied from a slotting cut to a low-radial immersion cut, i.e., 100% to 5% radial

immersion. Both up and down milling are considered

NOTE: In the following sections, a solid line represents the average tooth angle

stability prediction and a dot-dash line represents the Fourier series prediction. For

the time-domain simulations, a stable cut is indicated by a ’o’ and an unstable cut by

’x’.
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5.2 Case 1- Single Degree of Freedom Symmetric Tool

Simulations were performed for the tool and workpiece dynamics given in Table

5.1:

Table 5.1: Single Degree of Freedom Symmetric Tool

Tool Dynamics x y

Frequency (Hz) 750 750

Damping Ratio (%) 5 5

Stiffness (N/m) 5x106 5x106

Workpiece Dynamics x y

Frequency (Hz) 750 750

Damping Ratio (%) 5 5

Stiffness (N/m) 5x1010 5x1010
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Figure 5.1: SDOF-Symmetric Tool 100% radial immersion-up milling
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Figure 5.2: SDOF-Symmetric Tool 75% radial immersion-up milling
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Figure 5.3: SDOF-Symmetric Tool 50% radial immersion-up milling
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Figure 5.4: SDOF-Symmetric Tool 25% radial immersion-up milling
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Figure 5.5: SDOF-Symmetric Tool 5% radial immersion-up milling
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Figure 5.6: SDOF-Symmetric Tool 75% radial immersion-down milling
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Figure 5.7: SDOF-Symmetric Tool 50% radial immersion-down milling
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Figure 5.8: SDOF-Symmetric Tool 25% radial immersion-down milling
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Figure 5.9: SDOF-Symmetric Tool 5% radial immersion-down milling

Figures 5.1 - 5.9 show the simulation results for the single degree of freedom sym-

metric tool case. To compare the frequency-domain stability analyses with time-

domain simulation, the number of incorrect points are counted for each of the frequency-

domain stability analysis. The number of incorrect points is the number of ’o’ points

above the predicted stability limit added to the number of ’x’ points below the pre-

dicted stability limit (in other words, time-domain simulation was assumed to be

correct in all instances). Based on the number of incorrect points, a percent correct

score, S, is calculated for the each of the frequency-domain stability analysis. The
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total number of simulation points is TP and the number of incorrect points for the

selected analytical algorithm is IP.

S = (TP − IP )/TP ∗ 100%. (5.1)

The percent scores for Figures 5.1 - 5.9 is provided in Table 5.2.

Table 5.2: SDOF-Symmetric Tool Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

100%-Up milling
Fourier Series 899 19 97.9

Average Tooth Angle 899 235 73.9

75%-Up milling
Fourier Series 1333 18 98.6

Average Tooth Angle 1333 322 75.8

50%-Up milling
Fourier Series 1767 25 98.6

Average Tooth Angle 1767 378 78.6

25%-Up milling
Fourier Series 1271 30 97.6

Average Tooth Angle 1271 123 90.3

5%-Up milling
Fourier Series 1426 20 98.6

Average Tooth Angle 1426 102 92.8

75%-Down milling
Fourier Series 1302 40 96.9

Average Tooth Angle 1302 116 91.1

50%-Down milling
Fourier Series 1767 26 98.5

Average Tooth Angle 1767 353 80.0

25%-Down milling
Fourier Series 1271 39 96.9

Average Tooth Angle 1271 115 91.1

5%-Down milling
Fourier Series 1426 26 98.2

Average Tooth Angle 1426 105 92.6
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The percent scores in Table 2 summarize the agreement between the selected

frequency-domain stability analysis and time-domain simulation. According to the

table, the Fourier series approach has a higher percent score than the average tooth

angle approach. So for the single degree of freedom symmetric tool case, the Fourier

series approach can be used to define the stability of the cutting process.

5.3 Case 2-Single Degree of Freedom Asymmetric Tool

Simulations were performed for the tool and workpiece dynamics given in Table

5.3.

Table 5.3: Single Degree of Freedom Asymmetric Tool

Tool Dynamics x y

Frequency (Hz) 700 750

Damping Ratio (%) 5 5

Stiffness (N/m) 4x106 5x106

Workpiece Dynamics x y

Frequency (Hz) 700 750

Damping Ratio (%) 5 5

Stiffness (N/m) 4x1010 5x1010
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Figure 5.10: SDOF-Asymmetric Tool 100% radial immersion-up milling
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Figure 5.11: SDOF-Asymmetric Tool 75% radial immersion-up milling
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Figure 5.12: SDOF-Asymmetric Tool 50% radial immersion-up milling
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Figure 5.13: SDOF-Asymmetric Tool 25% radial immersion-up milling
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Figure 5.14: SDOF-Asymmetric Tool 5% radial immersion-up milling
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Figure 5.15: SDOF-Asymmetric Tool 75% radial immersion-down milling

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6

x 10
4

0

5

10

15

20

25

30

Ω (rpm)

b
 (

m
m

)

Figure 5.16: SDOF-Asymmetric Tool 50% radial immersion-down milling
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Figure 5.17: SDOF-Asymmetric Tool 25% radial immersion-down milling
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Figure 5.18: SDOF-Asymmetric Tool 5% radial immersion-down milling

Figures ?? - 5.18 show the simulation results for single degree of freedom asymmetric

tool case. The percent scores are provided in Table 5.4.
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Table 5.4: SDOF-Asymmetric Tool Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

100%-Up milling
Fourier Series 899 14 98.4

Average Tooth Angle 899 162 82.0

75%-Up milling
Fourier Series 961 17 98.2

Average Tooth Angle 961 170 82.3

50%-Up milling
Fourier Series 1333 29 98.6

Average Tooth Angle 1333 213 84.0

25%-Up milling
Fourier Series 1023 19 98.1

Average Tooth Angle 1023 124 87.9

5%-Up milling
Fourier Series 1364 44 96.8

Average Tooth Angle 1364 111 91.9

75%-Down milling
Fourier Series 1271 57 95.5

Average Tooth Angle 1271 148 88.4

50%-Down milling
Fourier Series 1634 35 97.9

Average Tooth Angle 1634 306 81.4

25%-Down milling
Fourier Series 1271 57 95.5

Average Tooth Angle 1271 143 88.7

5%-Down milling
Fourier Series 1426 24 98.3

Average Tooth Angle 1426 100 93.0

From the table, it is observed that Fourier series approach best defines the sta-

bility of the process. The stability lobe diagram generated from the average tooth

angle method (solid, red line) approaches the time-domain simulation when the radial

immersion is decreased. In some of the figures, another lobe for the Fourier series

approach (dash-dot, blue line) is observed which corresponds to the second eigenvalue
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which is at a higher axial depth of cut.

5.4 Case 3-Two Degree of Freedom Symmetric Tool

Simulations were performed for the tool and workpiece dynamics given in Table

5.5.

Table 5.5: Two Degree of Freedom Symmetric Tool

Tool

Dynamics
Mode

Frequency

(Hz)

Damping

Ratio (%)

Stiffness

(N/m)

x
1 500 5 2x106

2 1000 5 5x106

y
1 500 5 2x106

2 1000 5 5x106

Workpiece

Dynamics
Mode

Frequency

(Hz)

Damping

Ratio (%)

Stiffness

(N/m)

x
1 500 5 2x1010

2 1000 5 5x1010

y
1 500 5 2x1010

2 1000 5 5x1010
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Figure 5.19: Two DOF-Symmetric Tool 100% radial immersion-up milling
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Figure 5.20: Two DOF-Symmetric Tool 75% radial immersion-up milling
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Figure 5.21: Two DOF-Symmetric Tool 50% radial immersion-up milling
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Figure 5.22: Two DOF-Symmetric Tool 25% radial immersion-up milling
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Figure 5.23: Two DOF-Symmetric Tool 5% radial immersion-up milling
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Figure 5.24: Two DOF-Symmetric Tool 75% radial immersion-down milling
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Figure 5.25: Two DOF-Symmetric Tool 50% radial immersion-down milling
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Figure 5.26: Two DOF-Symmetric Tool 25% radial immersion-down milling
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Figure 5.27: Two DOF-Symmetric Tool 5% radial immersion-down milling

Figures 5.19 - 5.27 show the simulation results for the two degree of freedom-

symmetric tool case. The stability lobes for a two degree of freedom system consists

of two lobes for each frequency-domain stability analysis. The percent score for this

case is shown in Table 5.6
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Table 5.6: Two DOF-Symmetric Tool Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

100%-Up milling
Fourier Series 1599 58 96.4

Average Tooth Angle 1599 408 74.5

75%-Up milling
Fourier Series 1394 49 96.5

Average Tooth Angle 1394 478 65.7

50%-Up milling
Fourier Series 1312 49 96.3

Average Tooth Angle 1312 300 77.1

25%-Up milling
Fourier Series 820 60 92.7

Average Tooth Angle 820 105 93.5

5%-Up milling
Fourier Series 1681 122 92.7

Average Tooth Angle 1681 110 93.5

75%-Down milling
Fourier Series 1312 66 95.0

Average Tooth Angle 1312 126 90.4

50%-Down milling
Fourier Series 1968 49 97.5

Average Tooth Angle 1968 338 82.8

25%-Down milling
Fourier Series 1312 65 95.0

Average Tooth Angle 1312 125 90.5

5%-Down milling
Fourier Series 1681 116 93.1

Average Tooth Angle 1681 110 93.5

The percent score for Fourier series approach is higher than the average tooth angle

approach for all cases except 5% radial immersion for both up and down milling.

5.5 Case 4- Two Degree of Freedom Asymmetric Tool

Simulations were performed for the tool and workpiece dynamics given in Table

5.7.
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Table 5.7: Two Degree of Freedom Asymmetric Tool

Tool

Dynamics
Mode

Frequency

(Hz)

Damping

Ratio (%)

Stiffness

(N/m)

1 500 5 2x106

2 1000 5 5x106

y
1 600 5 2.5x106

2 950 5 4x106

Workpiece

Dynamics
Mode

Frequency

(Hz)

Damping

Ratio (%)

Stiffness

(N/m)

x
1 500 5 2x1010

2 1000 5 5x1010

y
1 600 5 2.5x1010

2 950 5 4x1010
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Figure 5.28: Two DOF-Asymmetric Tool 100% radial immersion-up milling
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Figure 5.29: Two DOF-Asymmetric Tool 75% radial immersion-up milling
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Figure 5.30: Two DOF-Asymmetric Tool 50% radial immersion-up milling
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Figure 5.31: Two DOF-Asymmetric Tool 25% radial immersion-up milling
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Figure 5.32: Two DOF-Asymmetric Tool 5% radial immersion-up milling
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Figure 5.33: Two DOF-Asymmetric Tool 75% radial immersion-down milling
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Figure 5.34: Two DOF-Asymmetric Tool 50% radial immersion-down milling
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Figure 5.35: Two DOF-Asymmetric Tool 25% radial immersion-down milling
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Figure 5.36: Two DOF-Asymmetric Tool 5% radial immersion-down milling

Figures 5.28 - 5.36 show the simulation results for the two degree of freedom

asymmetric tool case.
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Table 5.8: Two DOF-Asymmetric Tool Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

100%-Up milling
Fourier Series 1148 44 96.2

Average Tooth Angle 1148 184 84.0

75%-Up milling
Fourier Series 1025 87 91.5

Average Tooth Angle 1025 110 89.3

50%-Up milling
Fourier Series 1558 104 93.3

Average Tooth Angle 1558 132 91.5

25%-Up milling
Fourier Series 1148 59 94.9

Average Tooth Angle 1148 40 96.5

5%-Up milling
Fourier Series 1476 104 93.0

Average Tooth Angle 1476 117 92.1

75%-Down milling
Fourier Series 902 50 94.5

Average Tooth Angle 902 57 93.7

50%-Down milling
Fourier Series 1476 59 96.0

Average Tooth Angle 1476 109 92.6

25%-Down milling
Fourier Series 902 50 94.5

Average Tooth Angle 902 60 93.3

5%-Down milling
Fourier Series 1312 80 93.9

Average Tooth Angle 1312 76 94.2

For this case, the two frequency-domain stability analyses are comparable. The

average tooth angle approach has a better score than the Fourier series approach for

25% radial immersion up milling and 5% radial immersion down milling. For the other

cases, Fourier series approach is closer to time-domain simulation.
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5.6 Case 5- Single Degree of Freedom Symmetric Equal Tool-Part

Simulations were performed for the tool and workpiece dynamics given in Table

5.9:

Table 5.9: Single Degree of Freedom Symmetric Equal Tool-Part

Tool Dynamics x y

Frequency (Hz) 750 750

Damping Ratio (%) 5 5

Stiffness (N/m) 5x106 5x106

Workpiece Dynamics x y

Frequency (Hz) 750 750

Damping Ratio (%) 5 5

Stiffness (N/m) 5x106 5x106
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Figure 5.37: SDOF Symmetric Equal Tool-Part 100% radial immersion-up milling
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Figure 5.38: SDOF Symmetric Equal Tool-Part 75% radial immersion-up milling
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Figure 5.39: SDOF Symmetric Equal Tool-Part 50% radial immersion-up milling
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Figure 5.40: SDOF Symmetric Equal Tool-Part 25% radial immersion-up milling
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Figure 5.41: SDOF Symmetric Equal Tool-Part 5% radial immersion-up milling
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Figure 5.42: SDOF Symmetric Equal Tool-Part 75% radial immersion-down milling
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Figure 5.43: SDOF Symmetric Equal Tool-Part 50% radial immersion-down milling
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Figure 5.44: SDOF Symmetric Equal Tool-Part 25% radial immersion-down milling
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Figure 5.45: SDOF Symmetric Equal Tool-Part 5% radial immersion-down milling

Figures 5.37 - 5.45 show the simulation results for the tool dynamics for the single

degree of freedom equal tool-part case.
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Table 5.10: Single Degree of Freedom-Symmetric Equal Tool-Part Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

100%-Up milling
Fourier Series 1085 30 97.2

Average Tooth Angle 1085 291 73.2

75%-Up milling
Fourier Series 1705 49 97.1

Average Tooth Angle 1705 391 77.1

50%-Up milling
Fourier Series 2108 46 97.8

Average Tooth Angle 2108 343 83.7

25%-Up milling
Fourier Series 651 27 95.9

Average Tooth Angle 651 48 92.6

5%-Up milling
Fourier Series 1581 64 96.0

Average Tooth Angle 1581 147 90.7

75%-Down milling
Fourier Series 682 32 95.3

Average Tooth Angle 682 45 93.4

50%-Down milling
Fourier Series 2108 48 97.7

Average Tooth Angle 2108 440 79.1

25%-Down milling
Fourier Series 651 34 94.8

Average Tooth Angle 651 45 93.1

5%-Down milling
Fourier Series 1736 68 96.1

Average Tooth Angle 1736 161 90.7

From Table 5.10, it can be seen that the Fourier series approach best describes

the stability single degree of freedom symmetric tool-equal part system. The percent

score for average tooth angle approach increases as the radial immersion is decreased.
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5.7 Case 6- Single Degree of Freedom Symmetric Unequal Tool-Part

Simulations were performed for the tool and workpiece dynamics given in Table

5.11:

Table 5.11: Single Degree of Freedom Symmetric Unequal Tool-Part

Tool Dynamics x y

Frequency (Hz) 750 750

Damping Ratio (%) 5 5

Stiffness (N/m) 5x106 5x106

Workpiece Dynamics x y

Frequency (Hz) 500 500

Damping Ratio (%) 5 5

Stiffness (N/m) 2x106 2x106
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Figure 5.46: SDOF Symmetric Unequal Tool-Part 100% radial immersion-up milling
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Figure 5.47: SDOF Symmetric Unequal Tool-Part 75% radial immersion-up milling
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Figure 5.48: SDOF Symmetric Unequal Tool-Part 50% radial immersion-up milling
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Figure 5.49: SDOF Symmetric Unequal Tool-Part 25% radial immersion-up milling
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Figure 5.50: SDOF Symmetric Unequal Tool-Part 5% radial immersion-up milling
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Figure 5.51: SDOF Symmetric Unequal Tool-Part 75% radial immersion-down milling
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Figure 5.52: SDOF Symmetric Unequal Tool-Part 50% radial immersion-down milling
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Figure 5.53: SDOF Symmetric Unequal Tool-Part 25% radial immersion-down milling
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Figure 5.54: SDOF Symmetric Unequal Tool-Part 5% radial immersion-down milling

Figures 5.46 - 5.54 show the simulation results for the the single degree of freedom

unequal tool-part case.
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Table 5.12: Single Degree of Freedom-Symmetric Unequal Tool-Part Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

100%-Up milling
Fourier Series 1240 63 94.9

Average Tooth Angle 1240 312 74.8

75%-Up milling
Fourier Series 1023 21 97.9

Average Tooth Angle 1023 234 77.1

50%-Up milling
Fourier Series 1271 41 96.8

Average Tooth Angle 1271 280 78.0

25%-Up milling
Fourier Series 775 36 95.4

Average Tooth Angle 775 107 86.2

5%-Up milling
Fourier Series 806 106 86.8

Average Tooth Angle 806 138 82.9

75%-Down milling
Fourier Series 775 44 94.3

Average Tooth Angle 775 113 85.4

50%-Down milling
Fourier Series 1271 47 96.3

Average Tooth Angle 1271 277 78.2

25%-Down milling
Fourier Series 775 36 95.4

Average Tooth Angle 775 113 85.4

5%-Down milling
Fourier Series 806 109 86.5

Average Tooth Angle 806 141 82.5

From Table 5.12, it can be seen that the Fourier series approach best describes the

stability single degree of freedom symmetric unequal tool-part system. The percent

score for average tooth angle approach increases as the radial immersion is decreased.
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5.8 Case 7 -Single Degree of Freedom Low Damping

Simulations were performed for the tool and workpiece dynamics given in Table

5.13:

Table 5.13: Single Degree of Freedom Symmetric Low Damping

Tool Dynamics x y

Frequency (Hz) 750 750

Damping Ratio (%) 0.5 0.5

Stiffness (N/m) 5x106 5x106

Workpiece Dynamics x y

Frequency (Hz) 500 500

Damping Ratio (%) 5 5

Stiffness (N/m) 5x1010 5x1010
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Figure 5.55: SDOF Symmetric 5% Damping-Up milling
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Figure 5.56: SDOF Symmetric 5% Damping-Down milling

Figures 5.55 to 5.56 show the stability limit of the tool for 5% radial immersion

up milling and 5% radial immersion down milling respectively . It is seen that neither

frequency-domain approach accounts for the new unstable zone between 14000 and

16000 rpm. This occurs due to the low damping and low radial immersion (highly

interrupted cutting).

Table 5.14: Single Degree of Freedom Low Damping Results

Radial

Immersion

Frequency-Domain

Analysis

Total

Points

Incorrect

Points

Percent

Score

5% Up milling
Fourier Series 2928 194 93.4

Average Tooth Angle 2928 153 94.8

5% Down milling
Fourier Series 2928 183 93.8

Average Tooth Angle 2928 146 95.0

From table 5.14, it is observed that the percent score for average tooth angle is

marginally higher than the Fourier series approach.



CHAPTER 6: CONCLUSIONS

From the previous section, which gives a comparison between the two frequency-

domain analyses with time-domain simulation, it is observed that Fourier series ap-

proach best defines the stability for the cases 1 to 6. The percent score for the average

tooth angle approach starts to increase as the radial immersion is decreased and is

comparable to the Fourier series approach.

Table 6.1: Average percent score for cases 1 to 6-Up milling

Up milling Radial

Immersion

Frequency-Domain

Analysis

Average Percent

Score

100%
Fourier Series 96.8

Average Tooth Angle 77.0

75%
Fourier Series 96.6

Average Tooth Angle 77.8

50%
Fourier Series 96.9

Average Tooth Angle 82.1

25%
Fourier Series 95.8

Average Tooth Angle 91.1

5%
Fourier Series 93.9

Average Tooth Angle 90.5
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Table 6.2: Average percent score for cases 1 to 6-Down milling

Down milling Radial

Immersion

Frequency-Domain

Analysis

Average Percent

Score

75%
Fourier Series 95.2

Average Tooth Angle 90.4

50%
Fourier Series 97.3

Average Tooth Angle 82.3

25%
Fourier Series 95.3

Average Tooth Angle 90.3

5%
Fourier Series 94.3

Average Tooth Angle 91.5

Tables 6.1 and 6.2 summarizes the average percent score for cases 1 to 6 for up

milling and down milling, respectively, for each radial immersion for the two frequency-

domain analyses.
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